If a function [ is differentiable in an interval 1, e its derivative [ exists at each
point of I. Then, functions that eould have possibly given function as a derivative are
called anti-derivatives of the function. The formula that gives all these
anti-derivatives is called the indefinite integral of the function and such proeess of
finding anti-derivatives is called the integration or anti-differentiation. Two forms
of integral are indefinite and definite integral which together constitute integral
caleulus.

INTEGRALS

| TOPIC 1|

Integration and Its Properties

«

CHAPTER CHECKLIST
# Integration and Its Properties

INTEGRATION AS AN INVERSE » Integration by Substitution
PROCESS OF DIFFERENTIATION e Integration by Partial
Fractions

Let Fix) and fix) be two functions connected together such thar

% Flx)= f{x}. then Fix) is called inu:gra] of fix) or indefinite intcgral or

anti-derivative.
If if{x}=‘f{x}. then for any arbitrary constant C, %[F(x}+f:]=f{x].

Thus, F{x)+ is also an anti-dervarive fo{x:]. Actually, there exist infinitely
many anti-derivative of a function which can be obtained by choosing C

arbitrarily from the set of real numbers. Henee, Ifl:x} dv = Fix)+C, where C is

Integration by Parts
Definite Integral

Evaluation of Definite Integral
by Substitution

an arbitrary constant (also called constant of integration) and symbol *|°

indicates the sign of integration. By varying the parameter C, one gets different
anti-derivatives or integrals of the given funcrion. The symbols/terms/phrases
related to integration with their meaning are given in following table

SymbolsiTerms/Phrases Meaning
J‘:[x} o Inteqral of F with respect to x
Hax)in _[ Fx) e Integrand
xin J‘ F{x) cix Variable of integration
Integrats Find the integral
An integral of A tunction F such that F ) = f{x)
Integration Thea process of finding the infegral
Constant of integration Any real number C, considered as constant function
Some Standard Formulae EXAMPLE |1 Evaluate the following integrals.
- Indefinits integrals . g - 1
Derivatives {Anti-derivatives) (0) [t (i) | I—m—d:
* +1 ] - 3log, x
I E[f 1]=x’°.n:—1 Jx"‘dx:xﬂ +C,.nz-1 flu}l_[S-dx (iv) In dx
deln+1 n+1 Sol. [j}]_.p_t[:jx‘dx
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3 d

—(x=1 di=x+C
20 I

3. %:Ejnx]=|;ﬂ£x J{:l:sxn:k:ainx+ﬂ

4 o

O \—cosx) =sinx sinxdx=—cosx + O
Z I

> %Ilﬂﬂxhsan”x _[Eal::”x:ﬁ:tanx+c
6. %I—NIX}=msec2x _[ﬂl:smfx i = — it x4 O
7 %IEEE’:]=EE;X-IE'II JEEC!-EEI'IIXI:I'.H=5&:J:+C

8. i{_m ¥) = cosec x-cot x IBMEE x-cot xdx =—cosecx+ C

g, o, . 1 o i
—(Ein" ¥ = =gin x+C
e -2 I 1-x°
10. it—m5'1xj= ! J - —cos x+C
d J1-22 J1-a2
. iltan"x]:# =fan x+0C
dl 1+ 68 '[1+
12, 9 it g= 1 & o cot'x+C
dlx 1+ 2 '[1+ o
13. Disec'x)= ! J & —sec ' x+C
il -1 ol -1
14. —[—msar." X)= L J o =—cosec™ x+C
olé -1 T i 1
15, 9 pr)gt [e*ax=e"+C
o 1 1
18- —flog )=~ [—dx=log|d +C
ol X x
17. E a =g". a=0a=1 JEI"I:H: a +C,a»>0a=1
dxl loga loga
Note
(i) The derivative of function is unigque but integral of a function i
mat unigue.
{ii) I two functions differ by a constant, then they have the same
derivatives.

{ii) While sohing an integral, constant of integration should be
written, othersise answer would be wrong.

{iv) Generally, we do not mention the interval over which the function
is defined. But in a particular problemn, i should be kept in mind.

The given figure shows some members of the family of
curves given by J-J_+E" for different values of C & £

Properties of Indefinite Integrals
(i) The process of differentiation and integration are

inverse of each other.
d .
e = [ Fde= fx) and [ fx)d = flx)+C

where, ( is any arbitrary constant.

e @)

&bl xl"l
= +C ['.'II'&I! +C Jn#-l}
a+1 n
7
-x—-l-f_"
7
(i) Let [ = I[ s jdx = [x'w' dx
-1‘I w1
4
=2 +C 'Ix'dx-
241 n+1
4
ifd
= +C=4x™ 40

where, C is a constant of integration.

=

5:
iii] LetJ = |5 dye= —— 4
(iii) I logs
where, C is a constant of integration.
{iv) Let ] = Ia“‘"dx = J'a"'"’dx [-- mlogn = logn™]
= [x’dx [ a8« St = fix))

mwl
=X ic
4

. x
I:- [x'dx! n+l

+, iFni-l]

Geometrical Interpretation
of Indefinite Integral
Geometrically, the statement jf{x] dy =dix)+C = ¥ (say)

represents a family of curves. The different values of ©
correspond to different members of this family and the

graph of these members can be obtained by shifting any one
of the curves parallel to irself.

Further, the tangents to the curves at the point of
intersection of a line x = @ with the curves are parallel.

L XA Consider the i:ntl:gral ufi‘u";

}- dx = -ulr_+f-' FER which is represented by the
24x
fu]]mnng ﬁgurc

2
EXAMPLE [3] Evaluate %
x

7 Firstly, expand numerator by using
{a+ b =a® + b° + 2ab and then Integrate it.

d.

Sol  Let[= Il:l-l-x}z I{1+x +2x}

= I :r;d'x + j jt:dx - EI j:—_dx [by property (iv)]
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(ii}) Two indefinite integrals with the same derivative lead
to the same family of curves and so they are
equivalent.

(i) [{fC% glohde = [ flx)det [ g(x)de

(iv) Ik-f{x}afr =k- If{x} dx, where £ is any non-zero
real number.

(v} Propertics (1ii) and (iv) can be gl:m:ral:isn:l to a finite
number of function, ie i fi, fo,... f, are

functions and &, ks, ..., &, are non-zero

numbers, then
_[[.{-, filx)+ky frle)+. .tk f(x)]dx
=k [ filorde+ky [ fl0) de+ otk [ £ ()
Mote I more than one constant of Imtegration is used while soiving
the imtegral, then at the end of the solution write only one
constant of integration.

EXAMPLE |2| Evaluate the following integrals.
. . 1
. e . ; d
(i) I{m.nx + C0s X (i) Ismx(tu I+551'L!I]

Sol (i) LetI= I{sinx+fm xjdx
-Isinxdx+jm5x:fx

==cos X+ +sinx +C,
= =08 X +sinx +C

where, C=C, +C,.
1
)
5in” X

sinx]dx

sin® x

(i) Let I -Isinx(mt X+

-I[sin X X cob x +

sinx sin” x

-I[sinx:’cmsx]dr+j ! dx
!Icmxdx+'[msectxdx

=sinx + Oy +{=cotx)+ s
=sinxy = cotx + C, +C,
=5inx = cotx 4 C

where, C is a constant of integration.

INTEGRATION BY METHOD OF INSPECTION

We can find an anti-derivative of a given function by
searching intuitively a function whose derivative is the given
function. The search for the requisite function for finding an
anti-derivative is known as integration by the method of
inspection.

[put C, +C, =]

Note

{i) f we know one anti-dervative F of a function £, then we can write
an infinite numiber of anti-derivatives of f by adding any constant
fo F.

{ii) I f iz not expressile in terms of elementary functions, then it is
mot possible to sohve ntegral by Inspection.
e.g. We cannot find je“‘zd: by inspection, since we cannot find

a function, whoss derivative -EI-E“"}.
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-j r-;-dx+ Iri-%dx + Ej xl-;dr
ljx'”zdx + j 2 + EI P

1 E] i 1
n+l
+C ['.'jx"rirn z }
nl

—_—
2x*

i (373

= +
/2 5f2 3f2

= 2yl +§f“’t +%,ar"lt +C

2 4
- ZJ;-I-—xm —x e
5 3
where, Cis a constant of integration.

EXAMPLE |4| Find the anti-derivative F of f defined by
flx)= 4x* — 6x, where F(oy=2.
-7~ Firstly, find the imtegral of fx) say Flx] Further, use the

¥ eondition £ [0)=2 to get the value of C. Finally, put the
valua of C in Fix) and get the reqguired result.

Sol. Criven,_il'"{x]-4.1'5 =6x
Om integrating both sides, we get
j_f{x]dt .J’Hf - 6x) dx

5ad 2 LIRS
=  Fm=Z__% ,¢ [':Ix‘dxlx }
5+1 2 n+l
= F[I}-ixn-ix=+f__
& 2z
= Fix)= % ¥ adxter i)
Also, given F(0) = 2, therefore putting x = 0 in Eq. (i), we
get
F[ﬂj-%[ﬂj-ﬂ{ﬂ}+t‘
= 2=0=0+C = C=2
MNow, putting O = 2in Eq. (1), we get
]
F{x;-E: —3xt 42

When a polynomial function P is integrated, then
the resultant is also a polynomial whose degree is 1
more than that of P

|
e.g E{x}] =3x” but Iﬁxl}ﬂﬁ' =x' 4+

6. Integral of a function is always discussed in an
interval but derivanive of a funcuon can be discussed
in an interval as well as on a point.

7. Geometrically, derivative of a funcoon represents
slope of the tangent to the corresponding curve.
On the other hand, integral of a function represents
an infinite family of curves placed paralle]l to each
other having pamallel tangents ar  points  of
intersection of the curves with a line perpendicular
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EXAMPLE |5| Write an anti-derivative of 3x” + 4x” by
the method of inspection.
Sol  MNow, let us look for a function whose derivative is
3x o dx’
Mote that di{x; # ) =ax? egx?
x

- An anti-derivative of 3x® +4x%s x¥ + &%

Comparison between Differentiation
and Integration
1. Differentiation and integration both are operations
on real valued funcrions.

2. Differentiation and integration both satisfy the
property of linearity.

I ﬂr = i x i X
L.:.E{f!f{r}i Egix}}—ﬂix{f{ Htﬁﬂk{g( )

and [[af ()£ bg(x)ldx =a [ fx)de s [ gle)d

3. All funections are not differentiable, similarly there are
some functions which are not :int:gmbll:.

We will learn more abour non-differenniable funcrion
and nun-int:gmhll: function in hig]'u:r classes.

4. The denvative of a function, when it eusts, s a
unique function. Bur the integral of a function is not
unique. However, they are unique upto an additive
constant, e any two irm:Fals of a function differ by
a constant.

[unigque]

e.g. If %{sin X) =cosx.

Then, I[msx}ir =sinx+C, 0 f

[not unique]

5. When a polynomial function P is differentiated, then

the resultant is also a polynomial whose degree is 1
less than the degree of 2

3 If frlx)=x+ l, then the value of fix)is
x
(a) _:!+1|:|g_: +C
z
(b) I?J, loglx |+ C
(c) %+ logx 4+ C

(d) Mone of the above

4 Family of curves y = F(x) + C can be represented

geometrically by shifting any one of the curves
A to itself Here, A refers 1o

(a) perpendicular (b} parallel
(c) Both (a) and (b) (d} None of these
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to the axis representing the variable of integration.

8. The derivative is used for finding some physical
quantities like the velocity of moving particle, when
the distance travelled at any time ¢ 15 known.
Similarly, the integral is used for calculating the
distance rravelled, when velocity at time ¢ is known.

9. Differentiation and integrarion both are processes
involving limits.

10. The process of differentiation and integration are

inverse of each other.

| TOPIC PRACTICE 1|

OBJECTIVE TYPE QUESTIONS

1 The anti-derivative of[wf; + :}-] equal to
* [NCERT]

] 1 2
(a) %:3 +2x2 +C
£ 1 2 1

(@ 2xTsxise @ 374 750
3 3 Y3

d 3
2 If — f(x) =41 -Fsuch that f(2) =0, then

flx)is "

(a) x* + %—% e
X

O

(c) x* +:l§-+%

d) x* +%‘"%

SHORT ANSWER Type I Questions
Directions (Q. Nos. 17-19) Evaluate the following integrals.

-l? I {dl * b::.z
a'h*
8 If-xl+x-1dr
x=1
Elogx _ Slogx
19[S,
gtlgT _ gAlogr [NCERT Exemplar]

Directions (Q. Nos. 20-22) Evaluate the following
integrals.

20 _[[r‘ loga o gelogx o palogay gy
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VERY SHORT ANSWER Type Questions
5 Integrate (T- —+ 3.—:%."_] WL X

[NCERT Exemplar]

6 Write the anti-derivative :‘.-f[SaE + T}

X
[Delhi 2014]

Directions (Q. Mos. T-14) Evaluate the following integrals.
7 _[ (3 cosec® ¥ = Sx + sinx)dr

g j—f +5.:1-4

dx
[NCERT)
3x-1 (ALl India 2017C]
10 IQCD:IE
sin®x |All India 2011C]
ot
sinx.cos’y [Delhi 2014C)
2
12 Evaluate Iwi{.
cos™ X [CBSE 2018]
2
3 Ism. x ::uf.tdx .
sinxcosy AL India 2007)
14 IE+.EEGSI¢‘
sin” x
15 Write the value of _[de.
cos®x |All India 201 1C]
16 Write the value of Iw
cos’x [Dethi 2011)

4. (b} Different values of C correspond to different members
of this family and the graph of these members can be
obtained by shifting any one of the corves parallel to
itself.

5. Le’t]'!j(?h;-lﬂ+3c xz)dx
-jﬁ':.dr-[%d“jac it ax

-EEII-IﬂdI-bII-Edt+3EIIEHdT
=172 =2+l (2131
B [{-uz}n] [-2+1] [12:3]+1]
pren]
[x2] Ty

A I

-4a~4’1_-+£+%x5” +C
xX

6. Hint 3jﬂﬁ+[]};¢r =3[ xR+ [ x"dx.
[Ans. 2{x* + =" )+0)

7. I..e*tI!Ii_Scusee:x-E-x+5inx]dx

21

22

23

24

25

13.

15.

16.
17.

e @)

=

I{f: 8)x-1)
¥ =?x+4

x+1

]f% =cosy +eeccy and v = y =0, then find y.

- Flx) =4x® _ 2 suchthat f(2) = 0. Then,
dx x?
find fix). [NCERT]

Verify the following, using the concept of
integration as an anti-derivative.

.[—d_r-x-_l-%-laglxi-lli-c

x+1
[NCERT Exemplar]

| HINTS & SOLUTIONS |

{c) Hint Anti-derivative ﬂf'u'l;l*j;lj [.\E +:’1;)dx
=2 a0
3
(s) Hint f(x)= _[[41-’ ‘i.)
X
=t +L!| +C

X

Now, f(2)=0=C !%

(b) Hint f[x}-jf’[x}dx -j [x + 1—):1:(
X

-I 12 dr![ﬂ:ixdx
cos” X

= tan x +C

Solve as Question 11, [Ans. log|sec x - cosec x| + C]

Le‘tl'-I:H.jmsxir-J-( 22 +3m:.x]dx
sin” x sin”x &N x
-zj' —dx +3[ = ix
sin® x sin® x
l:EImse-c xd.rl-i_[(cmx]-_l dx
sinx J sinx

= EI cosec’ xdx + SJCDII-CMI::I‘I

= N =cotx)+ I=cosec x) + C
= = 2roty =Jcosecy + C

Hint Firstly, write the given integral as

j[s-m::2 x = tan x secx )dx and then integrate separately.

[Ans. tan x =secx + )
Solve as Question 15. [Ans. 2tan x = 3sec x + ]

& z 25 2z i opx
m,_[ia ::_f.fx-_[[” +b’;'2n b ]dx
a s [

[oia+ B =a® + b + 2ab]

2 ¥ ]dx
a” b

ﬂ!: bﬂ:
-I +
[a’-b’ a b

i o= . A
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-3jfmetixdx-5.[xd'x +I sinx dx
5y
-H-cmxj-xT-msxl-C

3
X
--3mtr-T—msx & C

#. Hint Firstly, write the given integral as I({x +5j-4—i}i_(
X

2
and then integrate separately. {.ﬁ_ns_ %4-51- * i+ L"J
x

(Bx-1)+1
Ix =1
hsli’-:-ilu

9. Le’t}'-.[a |
=

.Iit+jj.ji1-x+

10. Hint Write the given integral as EIcut.r cosecx dx and

then integrate it [ﬂm. =2 cosecx # O

. ]

sin” x 4 cos” X
11. Le'tl'!.[ S dx-.[{ S - }d
sin®x-cos’x gin” x-cos” X

= I ser® x dx + jmse:ixdx

= fam x = cotx +C

. 8
cos 2x + 25in Id.r

Cﬂiz.t'

12. Le»t:-_[

Il-!sin21'+ 2sin® x
=

Eﬂ!z S

dx [ cos 24 =1=2sin" A]

x* =141
2. Lm-_[ dr-_[ri dx
¥ #1 X +1

-1,
--[:- +1 +j x“l+1dx

'.[ (x® =1)(x? +|]|+ 1 i
xt +1 xt #1

["a'-b' =(a" = b*)a® + b*)]

-I{x -1}d'x+j

_'I.'+I

-_[x*dx-_[dx+_[ =0

-I?!-x+tan"x+f [J’ dx -mn-lx}

{x? +B)[{x =1)
e Y

-j{x-l-i}{xi-l-i -2:][x-1]dx
(x" = 2x + 4)
-j[.rl-Ej{.r-ljn‘x-I{xt+x-2jn'.t

3 2
= — =2y %
2

23. Given, d—:" =cos X Fsect x
dx
On integrating both sides, we get

I%d’x -I[:us x +sec” x)dx
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-j[ili-b
e
-I(E]':hw_[[é xd_r+ zjd_r
b a
GINe]
-b— = __s2x+C [ J
uff) WG
b a
18. Hint Write x* = x4 y =1= ¥*{x =1} +1{x =1)
=(x" +1)}{x=1) [Am. J;—E+x+lf:|
ST phE et _ e
u-a:-_E ;..;.‘a"f',l-elp- T
2o,
-'[x -x
jxs{x-lj
x{x=1)
200, l.e'tl'-.[{e’h"+e"“"+e"""]dx
!j{e"‘"“ +e“‘l:‘.+e"’".}dx [- mlogn = logn™]

dx

19. u_ru.]'
[ "8/ = fi(x)]

3
= Ixzdrle-l-E

= [(a® + x* +a")dx [ "t = = fix)]
x 1 :
=2 +a'x+C '.'.ra't:l‘x! 4
loga a+1 loga
=% Id}r! I{cns x+sec’ x)dx
= y-I:mxdx+Im21dx
=% y=5inx + tan x + C i)

Also, given x=y=0

On putting x = y=0in Eq. (i}, we get
O=sin0+ tan 0+ C

= 0=040+C

= C=0

On putting C=0 in Eq. (i), we get
y=sinx+tanx +0

— y=szin x +tanyx

24. Hint Firstly integrate, further to find C, put x = 2 and use
the condition f{Z)=d

1 129
[ﬁ.ﬂi x! +—3——}

X g

F 3
25, Consider, i[x-x—+x—-lng|x+1| +r_']
dx 2 3

-Ex+l}{xi-x+l]—1-{xa+1j-l- x?

x+1 x+1 x+1
[ a® + b =({a+b)a* —ab+ b))

dx

C 3
Hence.x-L+I—-hg|x +1| +C= I Z
Z 3 x+1
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| TOPIC 2|

Integration by Substitution

In previous topic, we discussed the integrals of those
functions which are in standard forms. But intr.gr'.ﬂs of
certain functions cannot be obtained directly, if they are not
in one of the standard forms given in previous topic. For
such inrcgrals we use the ﬁ:r"l:rw'ing method to solve
(i) Integration by substitution
(ii) Integration by partial fractions
(i1} Integration by parts

Here, we consider the method of integration by substitution.

METHOD OF SUBSTITUTION

The method of rl:ducjng a given 'Lnn:g;ral into one of the
standard integrals by a proper substitution is called method
of substitution. To evaluate an integral of the type
If{g (=)} -g’{x} dhe, we substitute g{x} =t, so that

g'[x}it=.:£l‘.

tan—1 &

EXAMPLE [1] Evaluateje _ dx.
1+x |All India 2011]

Sol Leﬂ-_[ d

I-|-.'I.'

Here, integrand has differentiation of tan™" ¥, 50 wWe
substitute for tan™ x.

MNow, pul: tan™ x =1t

= —dx = dt [differentiating both sides w.r.t. x]
14 x?

Mow, = Ie'dt

Thus, I!je'dr-e' +C

On putting t = tan™ x, we get
-1
I=e" T4

6x dx.
[NCERT]

EXAMPLE |2| Evaluate [ cos 6x f1+sin

Sol l.e'tl'-_llmsii-x + sin 6x dx
Mow, put1+sin 6x =

dt
= o8 6x-Gdy=df = cos fx dx -?

||ri'|
;-—_[-J_dt-— +C
LI
W2 2
1t 1 2
=it Cmm = e O
3 3
2
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Method to Find Integration
by Substitution
Suppose given intcgra] isf = If{x} ahe, where f{x} 15 ot In
any standard form.
Then, we use the following steps
L. Identify the term for which we use substitution say
glx).
II. Take suitable substitution to reduce the integral into
standard form, say glx)=r.
IIl. Now, integrate with respect to ¢ and then put

1= g{x] to get the required value.

Mote It is offen important fo guess what wil be the wssiul
substitution. Usually, we make a substitution for a function
whose denvative also occurs in the integrand.

dx
Sol. Let IlI -I -
1+ tan x sinx
1+
oos X
'j CO8 X j 2cos xdy
cnsxl-ﬂnx 2(cos x +sinx)

I{cnsx+5mx]+{cmx-sj.uxjdx
o5 X+ sinx

[adding and subtracting (sin x) in numerator]

I'—'Ild_l' IEMI—EII‘!X
COS X = SIn X

Mow, put cos x +sinx = =3 (=sinx + cos x ) dx = dt
Then, we get

I-—jldx+_[—-—+lug|:|+c'

-E+ log|cos x #sinx]+C [ =cos x +sinx]

Some Standard Formulae
standard fl:nrmu]:{c Fﬂ'l’

trigpnometric functions are given below. These formulae

are obtained by using substitution technique.
(i) I tan x dx = —||:-g Im5x|+{? = ]ug|5:cx|+-lf

(i) I cotx dx = log |sin x|+ C
{1ii) I sec x dv =l|:|g|s:cx+ tan x|+ C

Some int:gra]s invn]ving

(iv) Icns:cx dx = log |cosec x — cot x|+ C
Proof

@g www.studentbro.in



-;-{1+5inﬁ-x]m +C [t =1+ sin 6x]

EXAMPLE |3| Integrate the following function w.rt. x.
tan* fx sec® x

WJx INCERT)
Lot 1= Iﬁ}'ﬂi

NW.PI.IITEITIJJ.-'-?
= secz-.lr;- ! dx-d::mj\lr;dxlzdt
Eax 1\'
I-j:'{zdtjnzjr'dr
tan® ofx +C

i
= 2. —-HZ-
5

EXAMPLE |4 Evaluatejl —.
+ [an X

:";3 Given integrand Is not in standard form, so firstly convert
in sin x and cos x form. Further, adjust them and use
suitable substitution to integrata aasily.

Put sscx+rmanx=is
= (sec x tan x + sec” x) & = 4

1
[=]|=-dr=1 +i
J‘: og |¢
= f=]ug|5:cx+t:m x|+ C [-r=secx+tan x]

(iv) Firstly, multiplying numerator and denominator by
(cosec x + corx). Further, put cosec x +cotx =1 and
then solve as part {Ju]l

% Some Important Deductions

Y {ax + bf*!

l:i].[{au-bf"dx: + C.n=-=1 and nis a rational
afm+ 1)

number.

(i) [ sin(ax + ) dx = — cos (ax + b)

+ L

() J cos (ax + Bak = WX +HB
=]
[iw] Jian:ax+tﬂdx =—_|uglcus{at+£:m+ﬂ'

_llcglsecf,ax+tﬂll+{'.‘

d

cot [,ax+b]dx=lhglsin;ax+tﬂ-l+£'
a

[wi) J sec{at+mm_alhglsac[ax+m+tm{at+m+£'
Jccsal:[.ax+b}dx__bglcns.ec{at+m —oot (ar + B+ C

1',E|:h1;vr+tn]-tanl.'.ﬂ:c+I':l]cl‘.u:—l sec (ax + B+ C
a
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(i) Let I = [ran x de = j’

an., FH.LIZ EDS-X=I=?—SCII.'II.|!£1'=I£F

= sin x dx = — dt
I=—[Yd=-logle|+C
¥
== lug|cn»sx|+ll': [ t=cosx]

= log |(cosx)™ : |+C

= log |sec x|+ C [ ! =5:cx:|
cosx

(11) Pur sin x =r and then solve same as above.
(iii) Let J = [sec x dx
On multiplying numerator and denominator by
(sec x + tan x), we ger
sec v (sec x + tan x)

f= abx

s5eC x + ran x

I= [sccl x+secx tan x) e

(sec x + tan x)

. dx
(%) Rt B Ijx+a+3x+b
'_[ (Jxsta=afx+b) dx
{Jx+a+q.lrx+b:|[«.|rx+ﬂ-«.||'x+bj“
[rationalising denominator]
'I Jx+a=x+b dx
;-qu-a}*-{waJ*
IHx-I-a 1Jx+ j

(x+a)= [.l:+bj

= —I[[r +a)'™ =(x+b)'"?]dx

- ;b[—{x +a) ™ --(x + bjm}d- C

- 2 31 _ 3550
H[Q—b}[(x*.ﬂ} (x+ b)Y ]+C

Integration Using

Trigonometric Identities

When the int:grand trigonometric

functions, then some known trigonometric identities are

involves  some

used to evaluare integral easily.

IMPORTANT TRIGONOMETRIC IDENTITIES

Some usetul trigonometric identities are given below

l.sm2x =2sinxcosx =£
I+ tan” x
m @& www.studentbro.in



(i) qusec[.ax+b}|:ut{ax+ tﬂﬂ[x:—iEEEEEE:'II+ﬂ+E
a

(x) _[sec“[a“mm:lianmu&w

a

() [ cosec® (ax + b dx = — Leot (ax + B+ C
- |

E’h +b] Tin & 5

i) _[e“"‘".:tx == +C [n‘iijjaﬂ"*h de=2 0
d rrilog, 3
MNote Above integral can be derived by substibuting s« + b = and

ae= 1t
a

EXAMPLE |5| Evaluate the following integrals.

OfJYasba 0 [y vcenn
Sol [j}Let;anﬁdr-j[mq-b;'”dx
- {ax + Byfiae 2 {ax + b)*"? e
{172 +1}-a 3 a

2 LT .
= ax + by +C
_{Sa )

x l+cosx
10. cot—=cosec x +cotx =
l—cosx
sin x 1+ cosx
l—cosx SN x

11. sin (x+ I_}']l=s'm xcos p+cosxsin y

12, sin (x — y) =sin xcos y —cosxsin y

13. cos(x + y) = cosxcos y —sin xsin y

14. cos(x — y) =cosxcos y+sin xsin y
tan x + tan y

15. tan(x+ y) =

1—tan xtan y
16, wam (= = SRE LY
1+ tan x tan y
7.2s5mn Acos B =sin (A+ B)+an (4 - B)
18. 2cos Asin B=sin (A + B)—sin (4— B)
19. 2cos Acos B=cos(A+ B)+cos({A - F)
20. 2sin Asin B=cos(A — B) —cos( A+ R)

A+ B A-HR
21.sin A+sin £ =2sin COE
2 2
) . A+8B  A-E&
22.sin A —sin B=2cos -5in
2 2
A+ B A-8
23. cos. A+ cos B=2cos - OO 3
A+ B A-8
24. cosA—cos B=—2sn . * 51N >

25. Inverse trigonometric functions
(i) sin " (sinx)=x (i) cns_l{cn»sx}=x
(ii) tan " (anx)=x (iv) cosec”! (cosecx) = x

(v) sec " (secx) =x  (vi) cot™ (cotx) = x

.
T

Get More Learning Materials Here : i

e @)

2 . 2 2
2. cos2x=cos  x—sin x=2cos x—1
]
Lo I—tan” x
=]l-2sin " xs——m7m—
I+ tan” x
2tan x
3 tanlx= -
l—tan” x
Tx—1
cot” x —
.Ii._ I:Dtl.'l.':_
Jeootx
. . & . . % .
5. sin3xr=—sn" x+3cos” xsinx =—4sn” x+ Isinx

Fx—jsin‘\ xcosx =4cos’ x — 3osx

Ftanx — tan? x

6. cos3x =cos

]

.fanjx =

1-3tan’x
;)
Jootx —cot” x
8. |:|:|t:‘]|.1:=—‘_E
1—3cor x
x l—cosx
9. tan—=cosec X — oot X =
1+ cosx
s5inx l—cosx
1+ cosx s5in X

= x ¢0s g = sinalog |sin (x + a)| + C; + acos a
= x cos a=sin a log|sin (x + a)| +

where, C=C, +a cosa

1
cos (x — o) cos (x =)

EXAMPLE |7| Evaluate |

Sol Leti=
: jms[r-u}cm{x—ﬁ}

_J- 1 csnB-a)
cos (¥ =0t} cos (x =f) sin(f =)

[multiplying numerator and denominator by sin {f = )]
- i jsin[{x-u}-{r—ﬁ}]dx
sin (i = o) © cos (x =) cos (x=f)
[adding and subtracting x from numerator]
1
= sin (f = o)
sin{x = i) cos (x = [} = cos {x = o) -sin {x =[] de

cos (x = 0f) cos {x = f)
[sin{A=B)=sin A cos B=cos A sin H]
1
-sin[ﬁ-u}

_[ sjrl.(x-:tjms.[x-ﬁj_ cos (x =) sin (x =) i
cosix=m)cos({x=B) cos{xr=0o)cos{x=f)

1
-sin{ﬁ-ﬂ'.:l
-;

sin(f =)

Jtan (x = )= tan (x = B)]dx

[-1n5|1:n5 [x-u]|+|ug|c-:ﬁ {x-ﬁ]l|]+':
[~ It.n.n x dy = = log | cos x|]

- 1 I |cus{x-ﬂ}|+c
sinf [ =) |::|:|s {x-[tj|

m |

r'.'ln m=logn=lo
[ 1] 1] 1] J
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EXAMPLE |6| Evaluate the integral _[—] dx.
X+a

Sol m:-l&
sin (x+ a)
Now,put x +a=t = dv=4dr

Iﬂn [t =a) dr

dt

sin ¢ cos @ = cos fsina
.J' -
sim
[-sin{A = B)=sin A cos B = cos A sin B]
-cmajd!-sinﬂjcnt! dt
={cos a) t = sin a log |sint] + C,

=(x + a) cos @ = gin a log |sin (x + a)| + C,

[ t=x+a4]
Mow, putting cos € + cot x sin =
=t
:-cmcixsinudr-dt:mmixdx-
1 sim i
j -_—IEJ':-]H-‘
smtl:
= [2,!:mu+mtxmntt]+l_"
sim 1
= .-E fmu“fm-:rﬂnu“c.
gin @ sin x
=2 FEII‘II-E‘IJSI]'.*I*EIJ’!. xsingt .

:inn'.'II 5in X

- -2 5m[_.t+u}+t_
s.muﬂ sin x

[-sin{A + B)=sin A cos B+ cos A sin B

-1 l-cmx]dx
sim x ’

. — o

i77- Usa trigonomatric formulae to comant the givan integral
L
into l tan™ [tani]dx and then integrate.

EXAMPLE [9] Evaluate [ tan

l=rcos x { m—ﬁi ]
Sol Let :-_[um"[ ]dr-_[ tan '[—inr
sinx X
2zin—cos —
2 2
{':s.i.nix -ﬂmdﬂnxn Esin%:m%}

- X x - =i
= It.an (tm E}h’ = j de [ tam™ {tan ) = @)
x 3

P S
2.2 4

EXAMPLE |10] Evaluate | hﬂ"[w}n
DS X +8IN X
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EXAMPLE (8] Evaluate [ ! dx.
E]I.I.'I.! ISCiII{I +ﬂl}| INCERT)
Sol. Letl= | . e
sin* xEin (X + )
-I ] dx

J:in! X (sin ¥ cos @ + cos X £in0)

[-sin({A + B)=sin A cos B+ cos A sin B]

= - dx

Jsin‘ x {fn.s i1 + cot ¥ sin )
.J’ dx
sin® x qus €+ cot x sin &

cosec. x
dx

-qur:n.s o + cot x sin

Some Standard Integrals and Methods to Evaluate it
Integral

jsin'p oo jnuﬁp x e

wheare, p= 3

Methods

To evaluate, we exprass sin® xor
cos” xin terms of sines and cosines
of multiples of x. For which we uss
tha fallowing trigonometrical
identities
i sin® x= 1—pos2x

2

i) cos® x= 1+ n;s.?x

Gl s x— Asin x—sin 3=

cos 3x + 3cos x
4

To evaluate these type of integral,
firsthy multiply and divida by 2 and
then use the follawing trigonometncal
identities

() cos® x=

jsinpx{:nsmd’x.

jsin;:ut sin e o,

jms o COs g dx
25in AcosB =sin(A + B)+sin (A-B)
2cos Asin B=sin(A+ B}—=in(A-B)
2oos AcosB =cos [(A+ B)+cos({A-EB)
2 sin Asn B=cos (A -EB)—cos{A + B)

Itan” xsec’? xdror
Imb"' x cosec™ x
wheara, pandg e N

To avaluats these type of integral,
firsthy write the givan integral as

Itan” x(sec? )7~ '-sec? xaxor
I:xlt" xicosec? ¥)7 ~'-cosec® xox
and than put tan x =f (orcot x =I)

To evaluats these type of integral,
firsthy write the givan integral as
IUEF ¥)P (sac® x)7 soc x tan xdx

.[1!?’*1:5553’*130:&

ar
_[umi‘" *1 yenzee™ * Ty,
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EXAMPLE |11 Evaluate [ sin® x dx.
Sol bet:-_[sm“xdr
'I 1=cos 2y

dr [__ﬂnix-l-cnsix]
. B _—

2
1 1 sin2x

- 1 =rcos 2y - N = e | e [
zjt Mx E( 2 ]

X _sinlx

2 4

+

EXAMPLE |12] Evaluate [ cos* x dx.
Sol Let I -j cos'x de= I{cusiszdx

*
1+ cos 2x 3 1+ cos 2x
= || ————| dx UCOST X —————
‘[[ 2 ] [ 2 ]
1
= 4_'[{' + 2cos 2x + cos” 2x)dx

1 1+ 2(2
-—I I+2cm2x+L[ﬂ
4 2

1 1+ 4
I—II+2EM1‘[+$ x
4 2z

-1_.[(2+4m5.21'+1+m5.-11' dx
4

z

1
= B-I (34 4cos2x + cosdx)dy

in4
slnx+c
4

1 in Zx
= — 3x+-1-m—+
i 2

3 sinZx sin4dx

=y +
4 32

EXAMPLE |13] Evaluate | cos 2xcos 4xcos 6xdx.
INCERT]

e Theare iz no standard integral formwla for given integral.
W So, we simplify the integral by using the formula
2o0s Acos B =[cos (A +B) + cos (A —B)] and then
integrata it.

Sol lﬂI!I:er-msdr-cm&xdx

1
= ;I{Zcus 4x+cos 2x)-cos bxdx

1
-EI [cos (4x + 2x) + cos{4x = 2x)] cos éx dx
[ 2cos A-cos B=cos (A+ B)+ cos (A = B]]
1
-El{ms 6x + cos 2x)- cos 6x dx

- 15.[ {cos®6x + cos 6x - cos 2x)dx

1
!:j (2cos®bx + 2cosbx - cos 2x)dx

Get More Learning Materials Here : i
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1
-:I (1+ coslZx + cos8x + cos4x)dx

-1+c0523m‘d

- cos @
Zeos xeos y=cos (X + y)+ cos (x=y)

_1 I+su1l21'+51nax+sjn4x +C
4 12 & 4

[ [cosax dx = Lan ﬂx]

a
=X s Lantzr + Lsingx + Lsindx 4 C
4 48 32 16
EXAMPLE |14] Evaluate [ tan® xsec’ x dx.

[NCERT Exemplar]
;E-: Firstly, wrile sec* x a3 sec? x-sec® x and use the formula
sec”y =1+ tan” x, further put tan x = t and then integrate ii.

Sol Lets -J- tan * x sec *xdx = Imnz.rsec'ixm!xdx
ljtanix{Htanixjse:ixdx [ sec® x=1 + tan® x]
Now, put tan x = f = sec’ x dx = dt
I= Ir2[1+ t)dt = I{r* + 14 )de

CO-
= —4
3 5
tan®x  tan’ x
= . 3 + [t =tanx]

EXAMPLE [15| Evaluate | tan*x sec’x dx.
Sel I..etI-Itmixsec;xdxnjtanjxmlx-tmxmxdx
-I[se:ix-l}sutx-tanxsuxdx
[ tan® x = sec’ x =1]
MNow, put sec x =f = sec x tan x dx = dt
53
I:I{r* =1} dr-j[r‘ -r*jdr-%-r?q-c
-%ms‘x-%sech+f [+ t = secx]

- -

EXAMPLE |16]| Evaluate J.sinlx cos*x dx.

Sol Let I-jsin;x cos x dx
Here, the powers of bath sin x and cos x are odd. So,
either put sin x=r or cos x= 1.

MNow, put cos x =t

= =zinxdr=df = d.t--_—dr

sin x
I-Isin;x-rs[-_dt]
sim x
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=— Isint xfdr=a I{] —pos2x) Pdt

--Iu-:“:us dt

[ cos x=1{]
:-I(r"-r"]dr-_[{r’ =5y dt
£ B £ &
.L-L+E.Cﬂ5 I-COE I+c‘
8 3
EXAMPLE |17| Evaluate [sec*/* x cosec®* x dx.

Sol Let I!jset xcosec Uy dx
dx

=3 !jcns“"xsm'mxdx
+{gin

=]
cos '™ B oy)

4 8
Here, -[5 + 5) = = 4, which is an negative even integer.

So, divide both numerator and denominator by cos® x.

cos™ Py gin™ My
4
cos? x
I!I di
1
cos® x
cos? x cos™ "™ ¥ zin” m'x;
:-I dx
cos? x
cos®™ xsin= % x
!j - dx!I —n dx
cos' x X

] 2

secT xesecT X sec” x- 1+ tan® xj

'j 7] dx = I T dx
tan" x tan

Now, put tam xe=t

=  sec’ xd'x !d't

1o

dt:_[{:‘“‘ w1y dr
.
==t o3t ac

3 -
!-;tsm oy +3tan™ x +0C [ t = tan x]

SOME SPECIAL INTEGRALS

Here, we discussed some standard formulae with their proof
and the methods to solve some other standard integrals with
the help of these formulae.

ax x—a
(i) — oy +(
I_:"I— = 8 xt+a
ax 1 + .
{ii}I g | e
a —x i a—x
ax .
{l]i}I T T ta i+L
x +a i i

Get More Learning Materials Here : i
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2a

=I{x—ﬂ][x+a}xla

[multiplying numerator and denominator by 24]
(x+a)—(x—a)
(x—a)(x+a)

L [ L
Za |ix—a) (x+a)
1 1 1

=—| | ——dx - ahx
2a [I{x—ﬂ] J-{x+::r]' :|

1
=E[|ug|x — a|—log |x+ a|]+C

=L X%}
24 x+ 4
{n} Slmﬂarh. We can prove second formula.
{m} N:mr.. put x—ﬂt:mﬂ' a.nd ir o 5eC Ea’ﬂ in
K _'I“rc
J-x‘+ - &
dx asec. @
=|— d
'[xl+al altantB+a’
=[5 i 48 [sec’B=rtan’8+1]
a {5:: )
=—Idﬁ=—(—]+c‘?
a a
= J- 1‘& ,=—ran_'£+f:
x +a- a ¥

['.'x=atmﬂ'=}mn&=£::rﬁ=tnn" i]

o a

Similarly, we can prove other formulac by using

following substitutions
(iv) Pur x=asec B
() Put x=asn@
(vi) Put x=a tan 8
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Some Standard Substitutions Which
are Useful in Evaluating Integrals

Expression Substitution

. a?—xinrﬂai—xi

—

x=asinfar acosd

2. a?+ x:Dr-'fa?q.x‘: x = atan @ or acotl

3 2 -For ;:2 —-a* x=asec doracosec @

4. Ep x Z=acos2e
a-— x

5. ur ey ¥ =meos 8 + fsina
15

B, f Ry (LY x=asin Bor x=acos"f
a-x x

7. a+ X x=atan” B0r x = acot° @

f il or
a+ x
EXAMPLE |18| Find the following integrals.

(i) [ =
39 - 25x°

dx
Sol [:}Leu-j -15-‘[ﬂ
el et
2(4) |x+4
1 =4
=-log|Z—|+C
3103 x+4 *
(i) LEI:I!I 2-[ &
Jo-25x st[i_xz]
25
()
- (3/5)

dx

ax~ + bx+ ¢
dx

ax + b+ ¢
evaluate such intcgr:lls. we use the Fulel.'mg Steps

Integral of the Type I
, then to

Suppose given integral is of the form J-

L. Firstly, take 2 common from denominator to make

coefficient of x° unity, i.e. /= IL
(#+2++3)

dl x"+=x+=

a a
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1. Add and subtract I:.ﬁ-fzg}l from denominaror and try to

write denominator in the form X2+ 87 or b’ — X °

ii] :1|'1r.i.£'2=[£:F éz}
2a a da

[
III. Substitute x+—=r¢ and
a

where, ¥ = [x

reduce the integral
At

1
brained i Il i f the f —|——
obtain ::srcp into one of the form J-;Iikl

1
nr;J-

i
=t

1
9x® +6x +5

= d
j”ﬁ"

EXAMPLE [19] Evaluate [—

%ol l'e”-'[‘h' +ﬁx+5-

[take @ common from denominator]
1 1
=5 1 1y s |=dAr
x“+2-—-x+[—] +—-[—]
3 3 9 3

[here a=%and b=46, adding and subtracting

2 2 2
[i) = L) -[l] from dmuminatur]
2a 29 3

I dx
Jr::xg + bx+ ¢

To evaluate such integrals, we do same steps as previous

integral. The only difference is that here r:ducv:d mtcgra]
(obtained after step 1) will be of the form —
o evss fit —

_Iﬁ which can be Jntcgmtcd by using suitable
F =t

fDII.'I'.I.IJ]E.I:.

Integral of the Type

@ www.studentbro.in



) o e
Noté | we have negralufﬂ'm1mmjtxinftdi ujd‘—{x:tc:f

then to evaluate it we

o — -
Jetcf+a? J3i - (xzc)
can directly replace x by x + ¢ in the corresponding standard
formulae.
i . x+2
e.q. = sin™ +C
SN e (=)

(2)-c]

[fm

1|I|3-x+x
dx

-x 4+ x° -jqix =x+3

dx

._[ - -
fe et ofd] -2

[here a=1,b = <1, adding and subtracting |

2+ g

dx - J' dx

= :
fl=t) 5

N“""~P“t1"lz" = gy =dt
]
I-I - - t+ :*+[€]
:*+[£]
2

_[—:fﬁ--ug|x+m|_]

o3l o[

e
(x-Y)o oo

EXAMPLE |20| Evaluate | ——

Sal Letf-IJS

-lng +

!lu-s .

Hence, [ = I':"E + .

EXAMPLE |21] Evaluate

j —E! dx.
-.,||5--12" —e™
Sol = J‘j_*’: dx
Let I _[ —

Now, put e™ =t = e"dr = di

dt di
I '{‘\IIIE---H-:: I.j-{:*q--u-sj

Get More Learning Materials Here : i
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-I dt
=lir + 2F =5-4]

ddi d subtract =(2)
[adding and subtra Jng[ ] [2:{1] (2)

from denominator]
'I dr -I dt
Jo-ir+2f ol =i+ 27
: + 2 [ o
+ i I 3— = zin —J

—afe” +2
-:irt’[—"’3 ]+{‘

Integral of the Types

[-t=e]

px+q
. dx
ax- + bx+c

and pr+q dx
'[xfﬂ;:, + bx+c

To evaluate such integrals, we firstly write the numerator as

d 3
petg= H{E{ﬂ_ +£Ix+r]}+ B=ACQax+ &+ B

Then, find A and B by comparing the cocfficients of like
powers of x from both sides. Now, put the resultant value of
I:Jtur+ q}l in given i.nh:g;a.l and then given int:gra] is reduced

to one of the known forms which can be integrate casily.
EXAMPLE [22| Evaluate [ —>— dx.
2x° +6x +5 [Delhi 2015C)
Sol Let{x+2]lrl£[2xj +EX +5)+ B
= (x+ )= Afdx +6)+B i)
= (x+ 23--1.;1_1' +{Er.-1. + B}

Om equating the ::oefi‘m.ents. nl'x a.'n.d constant berm
from both sides, we get 1=4Aand6A + B=2

1 1 1 3
= A=_—_andé—+B=2 = A=_and B=32=_
4 4 4 2

1 1
= A==and ==
4 2

<. From Eq. (i), we get (x + 2) = ;—Hx +f) + %
Mow, the given integral can be written as

lux +6J+1-
1 2

”.[ [x+2)
2x® kB 5 2:*+&x+5
4x %6
_IEI +bx + 5 _‘[Ex +o0x +5
= I-i—l,+1—1t _Aii)
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dx &6
where, [, -Iﬁdﬂr
+6X +

dx
2xt #6x 45
4x +6

Mow, consider J, :Iﬁdx
X X

and I, -j

Now, put 2x* 4+ 6x + 5=t = (4x + &) dx =dt

at
I, -IT-lnE|!|+f_'l =log| 2x* +6x 45|+

dx 1 dx

I

1 = -
-E-Etan "2+ 3+ Cy=tan” (2 4+ 3)+ O,

Mow, substitute the value of I, and I, in Eq. (ii). Then,

the given integral becomes

1 1 1 1
I'=—log|2x® +6x+ 5+ —tan™" (2x +3)+—C, +=C,
4 2 4 2

1 1 .
-;Ing|2xt+6x+5|+ztan 2x+3)+C

1 1
where.f-:l’.‘, + EL_E.

x+13

—_—
_||||5_4x_hz

EXAMPLE |23] Evaluate |

[All India 2015C]

Sol Let x+3=Adi(5--ix-?_1'2]+B
x

= x+3=A(-4-=4x)+ B
== x+3==4A=-4Ax+ B
= x+3==4Ax+(B=44)

f_‘ln equat.jng th.e c:u-e:f}ﬁient an X amli constant term }mm

both sides, we get1 =44 and3= =44
= A--land5-3+1x[-l]
4 4

1
= A--: and B =2

- From Eq. (i}, we get (x + 3} = -%E--i —4x)+ 2
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Now, the given integral can be written as

1
——(=4=4x)+2
x+3 de = i dx

IJs-u 2 '[ J5-dx=-2xt
--—I {-—4 41‘] dx +2j dx
;|-|5 dx = 2yt ]5--1.:-2:?
.-—: + 20, i)
4
(=4 =4x)

where.!,-[ dxan:l]'i--l. dx
Js dx =220 ﬁ||5 —dx=2x

{_n.rlsnd.erI-I (C4—4x) dv
5—d4x —2x°

Now, put S—dx=2x" =t = (=4 = dx)dx =dt
I, = _[5;.- .[;:;d! =241+ C,
=25—dx—20 +C,
'j dx 'j dx
V5 tx -2 _J(-Ej[xidnzx-%]

and Ig

- 1 J- dx
ke J—[rt+2-x-1+12-12-§]

[2dding and subtracting {1)* from denominator]
dx

-[{xnf-{\g]l
.:%j =
J{J%_] =[x +1)

gy () [ e (3)

Mow, putting the values of I, and I, in Eq. (ii), we get
:--l_xz,Js. 4x = 2x -1—{
4

+ 2- sm"lf{x‘.” + 20,

.-1?||5-4x- 2% 4 of2 sin™* [%f.*—”}u

1
where, C== : Cy +2C,
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Some Standard Integrals and Substitutions for Them

Integral Substitution
IL 1—tan® X
az boosx Put cosx = _2 thanp.ﬂta.l‘l—:f
1+1E1Ex
IL 2tanZ
ax bsinx Put sinx = 2 then put tan X =t
1+ tar X 2
2
f ik Ztans
asinx+ boosx M) Putsineg=— 2
i i 1+tanf£
asinx+ boos x+c
1- ta-.'*’ﬁ
andecos x=— 2
1+ta12§
(m) Replace 1+ tar’® 2iin the numearator
a XK
SBC =
by 2
{H} Put tan §=e and integrate it.
IL Put 8 = reost and b = r sind, whers
asing + boosx

r=o2+ B2 and&:tan"[E]
&

dx
17 1) Divide numerator and denaminator
a+ bsin x a
e by cos® x
Im () Aeduce sec? xin denominator as
1+ tanf x
Iar.ns“x+b5i121 () Puttanx =t and proceed for parfact
SCpuans.
IL and
{asinx + bmsxf
dx

I='|+ bsin® x + coos® x

[} Wite g 5in x + boos x

IaEinx+bmsxm :
= A —ocsnx+d cos x)
o

c&inx + o cos x

+Bicsinx +d cos x)

(m) Obtain the values of A and B by
equating the cosefhicenis of sinx
and cos xon bath sides.

{m) Put the valus of a sinx + beos xin
the givan integral and ntagrate it.

jaEinx+ bm&x+nm [ Witz asinx+ bcos x+c

DSNX+ gCoOs X+ r =A%Lp5i1x+q‘ﬂ)5x+r]

+Bpsinx+geoosx+r)+C

(=) Obotain the values of A 5 and C by
equating the coeficients of sinx
cog x and constant term.

(m) Putthevalueofasinx+ beos x+ ¢
in tha given integral and integrate t.

Get More Learning Materials Here : i
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Integral Substitution
1 LEeR Divide numerator and denominator by
jx 1 fa‘rdl;nakaapﬂrfat:tsquamas
[g-T- l] in danominator and substitute
X
PELITS
x
It the givan integral is of the form i e R, then first
J‘x“ + A +1
. . ; ax 1 2dx
write the given integral as =_
'[x4+ll.x2+1 ?J‘x*+3.x2+1
J[Hn} [x® = 1401 jq[xh:n ‘__k_-[‘f—l ok
s+l ) L B+ +1
further |ntagra1|=.- easily.
j Put px + g =i
{ax + b:ipﬂr+q
J‘!a.x?+m+c}.,fpx+q
j o Put p+ g =1
pr+q]h}ax=+hx+c] t
j ok Putx=1 and then put ya + bt* =
e +|:.||:|.|='tf+b f

. . dx
EXAMPLE |24] Evaluate [ ———
1=3sinx
X
Zlan=
i Use the substitution sin x =—Ex' furthar put
b 141an’ =
2
|an§=ranﬂ then integrate it.
Sol. Letf-_[
1=3ginx
l Et:mi ]
dx e 2
-J SEnxX= P
Ztan — 1+tan® =
1= x
14tan® =
2
a X
[1+ tan 5] sect X
!I dx = 2 dx
3 » X X
t.nn--ﬁ-tan-+1 tan” = =ftan=—+1
2 2 2 2

s.\ecgi- tan i-1:ar5|zi:'ii!1+ ta.uix
2 2 2 2
x
Mow, put tanE-I

1
= 5&:‘2%-;#- dt = se::i%dx = 2t
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I!I 2dt -EI i
1t = b 1 =Bt eD+1=8

2 2
[nu:h:ling and subtracting (%] !(?) =% in demminnmr}

dr

= 2-[{:-?.J2 i Elu-af-[z-ﬁf

- 2x1 I r-S-Z-ulrE-
E:N:ZJE 8

t=34 242

175

1 x=
- el
=]
jL
A3 sin x +cos x
Sol Letl=| dx

Jﬁsinx+:mx

Ncrw,puhE- reos Bandi = rsin @

Then, r=fAB) +1° = it1=2
and 8= tan"™" [:',3.)-%

[ the type of :integ:r.al.[

EXAMPLE |25| Evaluate

——  puta=rcosh
asin x + boos x

and b = rsinf, where r = ya* + 5* and 8 = tan™ E]]
a

dx

J=
Irmsﬂsj.n x+#rsinfcos x

1 1
-;Im-EJEMEEI + 8} dx [vr=3]
:Iglug ||:n5£1:[x + 8= cot{x + EI]|+-|'_’

1 1=cos{x+#§)
2 sin(x +8)

25in? [X 9
!llug z +C
2 ] [.H-E] [x+£|]
2s5in Cos
2 2

['.'i-ms.ﬂn kinz%mdsmﬂn Esin%msE

+C

1 x+8
= C

-2 o r_a.n[ 2 ] +

!llug tan[£+£] + L ['.‘E!E
2 2 12 6 |
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dx
2

sin® x + b° cos® x

EXAMPLE |26| Evaluate | =

dx
3

a*sinx + b cos® x

Sol LetI-I

Om dividing numerator and denominator by cos® x, we

t
")
s X .."JI

J=
I[ﬂ sin x+b2m5ix]

EIJG2I EIJ\S.2I

-‘[a tan® .1c+trsz -j{ﬂt.mx} +b2

Mow, put atan x =t

= asec’ xdr=di = sec’ .'vm‘.:rl£
a
--I: bt
allenisc I —d =lianm X
a b b ¥ +a a a
-ita.n'L!—+l'_
ab b
-Ltm'L[mmI]+C [ t = atan x]
ab b

EXAMPLE |27 Evaluate jw .
5N X +4C0s X

asinx + beos x

r7- It is an integration of the form I—
¥ C &in x +d cos x

elx. So,

wrile 4sin x + 5002 & =A%155jn X 4+ 4cos x)

4+ B{5sin x + 4c0s x)
Sol LetI-I4ﬂn x4+ 5008 x dx

Gsin x + 4 cos x

Mow, let 4 sin x + 5 cos x = A —{5sin x + 4 cos x)

¥ 4B{Ssinx +4cos x)

= A[5cos x =4 s5in x )+ B(55n x +4 cos x)
= 4sin ¥+ 5c08 x =(54 +4B)cos x +(58-4A)sin x
On comparing the coefficients of sin x and cos x, we get
54 +4B=5and 5 =44 =4
Om solving these two equations, we get
9 40
A=—and B=—
41 41
{’—(51:05.1' 4SIILI}+;E ]
1
(55in x + 4 cos ij d
{58in x +4 cos x)

:-_[4‘

9 r5 =4 5 40
=2 Cos X 5mxd’x+— dx
41 5s5in x +4 cos x 41
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Mow, put 5sin x +4 cos x =1
= (5Scos x=4sinx)dy=dt
9 pdr 40

wl=2— | — 4 —x
417 ¢+ 41

a9 40
l:T E|II+ET]?+C

lﬂx+l|.ug|5-sinx+4curs x|+C
41 41

[ ¢ = 5sin x + 4 cos x]
-1

EXAMPLE |28] Evaluate [———
X +x"+1

2
*+1
it is an integration of the form —_
l P
divida numerator and denominator by x® and make a

2
parfect square as (x ¥ l] in tha denominator and then
X

substitule x $l=|!
X
=1
Pl |
1
l=-=
= f!J.—xn‘x

1
Pele—
x =
[dividing numerator and denominator by x?]
1 1
)
= I X dt - j X
2 1 2 1
x x
[adding and subtracting 2 from denominator]
1
1 =—|dx
(-3
2
(I + 1—) =1
x

Nurw.putx+1—=!::r [i-Lt]dxl dif
X x

=]

r=1

Pl

+C

dt i
=

. dx 1 X=a
_j - 2--105
X =a 2a X+a
x+1 1
i . 1 S
= [=—log — +C=—log % +
2 b1 2 X #1l+x
x
[

L.'!lx-l-%}
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EXAMPLE |29] Evaluate |

o
(x—1)1/2x +3

—

e
7= It is an intagral of tha form , &0 put
W I meg -I- [ 4+ Dm,ﬂx +4q P
Jox+q =t and then integrate it

Sol. LEII!I i
{x—lgjix +3
an,PuI qlh' ==

z
=13
= Ired=t’= x=

2

(2t =0

Then, dy = dt=t dt

it _ ot
I-I[;*_-3_1 § I tP-3-2
2 2

dt di
-2j r*-S.EJ- t* = (/5 )

+C

-
¥

1
l
BT

x=a
=]

xl=g® 2a

!- dx 1

}

+C [t =af2x +3]

x4a

_1 Jer+3-+5
:Irﬁ-ﬂg :||2x+3+35

i i dx
EXAMPLE |30| Evaluate | ———.
j Xofax = x* INCERT]
ax

37 It ks an integral of the anm_[ S0
W (0 + ) Y25 + b + €

1 .
put px4+g = 7 and then intagrate il

dx

X |!I'_'I.’-.'I.':i

Sol Letf!I

an,Pqu-% = d_r--l—id!
I

= [-#]dr! = dr o [t
- ILJE-; j,z.iﬂ &=

==
{ar =1) 2

n-(-l—+1)

2

== Z(at-1) + c--51’a-l-1 +C [ t = l]
Erl Erl X X

=2 la=x
[ —

d X

:-I{ar-l}-;n‘l!- +

+
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| TOPIC PRACTICE 2| 10 [oosmns —

1 _[s;in"l;msx]i'r:

OBJECTIVE TYPE QUESTIONS e o
. - . H mg-l.f
i 10x" + 10" log, 10 12 I -._1'1- x* )
I FRTE dx equal to i .
[NCERT] 13 I { +CGSI] I
(a) 10" — Py .'I:' +"Siﬂ_f [HCERTEIEII‘I.P[HT]
(b)10% 4 x4+ C 14 _[:::;Jir
(€) (107 —x®)' 4 C _
(d) log[10* + ¥+ C 15 _[s;m (ax + B)cos (ax + bB)dx INCERT]
1 ) 'S
2 dx is equal to 16 dx
-[ ol [NCERT] '[ :rl-_f [NCERT]
(a) tan~'e* 4 C (b) tan~'e~* + C 17 &t
(©log(e*—e)+C  (d)log(e*+e™)+C ===
)
3 [—E— dxi al :
J (4x® +1)° s equatto [NCERT Exemplar] SHORT ANSWER Type I Questions
1 1y 1 17 . Directions (). Nos. 18-34) Evaluare the following
(a) E[l- + F] +C (b) E{‘ + F] + mmgm{i
L 14 d5sc [d}l[l +4]_5+c* 18 [ _ax
() lgx 101 %7 ]32- x* [All India 2017C]
2y =1,
+ I_r+x“ dx is equal to 9 I\II1+.IZ it 1
x INCERT Exemplar]
3
@ioglt +ec  mog[EEee 20 [sn@uanty,
* J {1+x%)
(€} 21 log (Iz + :—2] +C (d) None of these 2 Iﬂnxsin{cns x)dx
5 cos2y dri I (x +(x +log x)*
I{sin x+cosx)’ s equalto [NCERT) e .[ X dx [NCERT]
-1 . \ . -
[a}m+t (b) log |sin x + cosx|+ C 23 dex
log |si 1+€ (d) . +C . (NCERT
S5lNX —CoOs X| + ———
(€) log (sinx + cos x)° 24 Icas’x e ’""-‘ dx [NCERT]
VERY SHORT ANSWER Type Questions 25 | doosx_Jsinx
- G cos x + 4sin x [NCERT]
Directions (Q. Nos. 6-17) Evaluate the following integrals. 26 -
_— iy
6 j'.[ﬂ...ﬁ]ﬁ dx (All India 2011] I{sin_'r: +cos x)* INCERT]
3ax sinx +cosx
7T [——d 27
Ibhc‘x’ . [NCERT Exemplar] -[ Jl+sin2x .
8 j— l[lf:ug_v:]“d,Jr . 28 !-caszr + 25in® X i
X INCERT; All India 2011] cos X INCERT]
1
9 e zl‘ T
-[ x(l+logx) * Delhi 2017C] 29 IE 2* 2" dx
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31_[

32 [

3 |

CcOs X

:I|| = sin® .'l:'

gin 2x

5=8x=

cos 1‘:

;E - cos? [11'

it +4x+3

-xt

34
I:sz - dx =

SHORT ANSWER Type 11 Questions

Directions (. Nos. 35-64) Evaluate the following
integrails.

4 1/4
35 j“-'_xgi’ dx

36 |

dx

x[f +3)

1
37 [y

X

(x™ +1)

x'-—x+2
B

39_[

X

dx
Jx+1

sinx-= xcosx
10 =
x[_r+ﬂnx]n

H

43

[
42 [Losx-cosde,,
f

44 |

45 |

46 !—s:i.n X+ Cos5 X

47 _[sin xsin 2xsin 3xdx

48 |
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sinx-cosy

:}SI

cos 2y

1=cosx
COs 2“11:

cos2y -
COS X =

COs 0@

tan

-1 (l+cosx

l=cosx

sin®x - cos® x

=

1=2sin*xcos?x

&

sin® ¥-ecos® x

1-+x
dx
1+Jr

dx

dx

dx

|All India 2017C)

INCERT]
[Delhi 2017)

|All India 2017)

|Delhi 2017C)

[NCERT]

|All India 2013

INCERT]

[NCERT Exemplar]

| Delhi 2016C)

[NCERT]

|All India 2013

INCERT]

INCERT Exemplar; Delhi 2014C]

| NCERT; Delhi 2012

INCERT]

49

50

5

52

53

54

55

56

57

58

59

60

61

62

63

64

2x-3
'[:,;_rz+4dx

I

L]

I
I
I
I
I
I

f

I
I
I
I
I

I

1+Idx x=zl

dx

Te-ap-n "

X+5
3x° +13x =10
X+7
3x° +25x + 28
X+ 3
x¥=2x-5
i@

x4 3x742

dx

dx

(3sinx = Zjcosxy

13=cos’x =Tsinx
X+2

:,;xz+5x+ﬁir

x+3

dx
:,;5-41 +x°

Gx +7

dx
NCEETE)

X+2

dx

jdx -x?

gin x
sin 3x

dx
2sin® x & Scos’y
1
l=cotx
xT+1

dx

dx

xt+1

dx

INCERT Exemplar)

INCERT Exemplar]

[Delhi 2017C)

[Delhi 2017C)

INCERT Exemplar]

[Delhi 2017)

|All India 2014]

[Delhi 2017C)

|All India 2011]

INCERT Exemplar]

[Delhi 2011C)

LONG ANSWER Type Questions
|6 Marks|
Directions (Q. Nos. 65-T1) Evaluate the following
integrals.

ES_[

dx
(x + 11}3:‘ =1

66 j—{ms X +cos4x) dr

67 Icat"[

1=2coz3x

e @)

INCERT Exemplar]

Jl+cos2y + fl-cosy i
Jl+cos2y - fl-cos2x
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68 _[-Jtanﬂ dx
69 _[

cos* x +sinx

70 _“..Ikat x + Jtan x]dx
7| :

sin® x +sin®xeosty +cost x

1All India 2014

1All India 2014

JAll India 2014

| HINTS & SOLUTIONS |
L. (d) Hint Put x" +10° =1
=(10x" + 10" log, 10) dx = dt

dy e” dx
dx.jer_'_'_ I(r':li+l

2. (a)HintLet!= -
T e

Mow put ¢* = .

3. (d) Hint Le:r-_[ -_[ X dx

(4x* +1)*

dx
-I—, v
x4+ —

(++5)

1 =2
MNow put 4 +T-a:Tdr-d!
x x

ax? 1
r ] F
4. {b;mnt:r_m;-j 1.ir-j X f dx
x' 4 x R
xX
1
Ix-—
.j I dx.
.t‘ +—
X

1 1
Now, put == [EI-—t]d!dt
X x

5. (b) Hint Let = _[ co82x g

(sin x + cos xji

dx

cos®x —sin®x COE X = 5N X
=[ = s dr= | =

{sinx + cos x } sSinX + C05 X
Mow, put sin x + cos x =t ={cos ¥ = sin x) dv = dt

6. Let:-_[w_ﬂbfdx

Put ax + b= = ady = dr = dx !ld!
a

g lax + bi

I-—It n‘!-
4:: 4-a

 [rt=ax+b]

- (ax + b)*
4a

+

Get More Learning Materials Here : i

e @)

3ax

-

7. Let:-j' T

Now, put b* +c*x* =t = 2’ x dr=dt

dt

= Au.*:::‘:vr!—2

_j i —ln5|t|+r_‘
-%lug|bz+c |+ C

-1;1.@5{1:2 +cixt)y+ O [ B+ c*x® =]
2r

2
8. m:-.[m—xjdt
* 1
Mow, put logx =§ = —dx =di
x
3
:-—E—uu;:l +C

3
r
_ I-jr*dr-?+c [t =logx]

9. Hint Putl+ logx =r. [Ans. log |1+ logx| + C]
10, Letr !jcm'lfsinx]ldx

T el
- _[[%- x]dx [~ cas

!%Idx-dex -%x-§+ '

“cos @) =4]

2
9
1. Solve as Question 10. [Am EI- I?+ {‘]

12, Let ;.jﬁ”L”:u
1=x

Now, put cos™ x =t

ﬁu-m = Jll_zd_t--dt
1=x =X

= It{-d:j- -j tdt

2 = -4
! vc= oo x¥ +C [t = cos™ x]
2 2
3. Let =[tcosx)
{x +sinx)

Mow, put x +siny =¢ = (1 + cos x)dr = dt
1
I=|=dt=log|t]+ C
e =1toglt]
= log |x +sinx|+ C [t = x+sinx]

4. Let I -I sindx dx!.[ 51n[2-[2xj]dx
cos 2x cos 2x

= I de [v sin2x = 2sin x - cos x]
cos 2x

2cos 2x

-zl[sinzxdx-- +Cm==cos 2x +
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- . - 1
15. Hint Putsin{ax + b) = r[mlz-sint{axd-bjd--['] 13. Hint Put tan ’x‘:r:l+xl-4x3d_r-d:
x* [A.us_ - =1 x4 |
T — - = =—cos (tan™ x* )+ C
16. Hint (i) Write the given integral asI Fdx l 3 J
(i} Put x* =1 and then use the formula 24. Hint /1 = fixh therefore ¢'*#%"* = 5in x and then

IE-MJ[_] [Am.l—sm {xj+r:] PUIEOEI-I.[Am_-ims'xlnCJ

15. Hint Firstly, write the given integral as

17. Let I= dx = dx o
‘[ _Jg-,h '[ \kg}t ={e*} lIM,ﬁ-
. . * gy di 27 3cos x + Zsinx
Now. put ¢ :!:}E = . and then put 3cos x + Zsinx =i
] R . =i €
= =sin  —+ C =sin C [ 1 - 1
jm 3 {3] I-A.us.zlug|2mx+3fmx|+fj
[j de o [5 od 1 _E,] 26. Hint Firstly, write
@t =t a oo 2y =eos” ¥ =sin” x =(cos X +5inx) (cos x =sinx)
and then putsinx + cos x =1t
18.

x
Let [ = dx Ans. log |sinx + cos x|+ C
o o gl o] €

s 27. Hint Use the formula, 1 + sin 2x = (cos x +sin x)*
Put 32=x" =t = = Zx dy=dl

[Ans. x + ]
e | -2
= xdx=—>df 28, Letp=[SmixtiOn ¥,
12 cos® x
Mow, === --—-E'Jr-lnf' 1=25in? x + Z5in®
EJT -I = Ig =T Tix [ cos 2x =1=2sin® x]
cos” X
--J;‘l-f' i

-m+f 'Ifmixdr-!'mchir-tanx+f
19. Let;.]"ﬁ*‘”: .:i'x-_l'\lh’t.L;dI 29. m:-[z“f 2*" 2% gy
x X x x

bl x
Mow, put 22 =t =20 2. (log 2)* dx = dt

1+ 3 1 1 1
=] = = [ =+ 1.—de

= t+f'
* o I {105 2y’ tlug 2y
Now, putting 1+—2-J'i %" .
x 2 . 2
2 ] = — + [ =32 ]
= —dv=2tdt = - —dv=tdt (log 2)
* ‘:! 30. Hint Firstly. putsinx =1r.
- 2 . — - -
J'-j ot = 3+£ IA.nis.in'L[smx]lnC-l
. ()
-5[I+F) + i 3. MI-IsmExms 2x n‘x-J. sin 2x cos 2x dx
= cos® [2x) :izi = [cos® (2x)F
= =i =
(). Hint Put tan x-:,then!-_[smit dt. Now, put cos® (2x) =t
[AM_ = [cos 2{tan” Jf]'lﬂ:] = 2cos (2x)[-sin (2x)] 2 dx = dr
2

dt
=% gin 2xecos 2xdy == —
2l. Hint Put cos x =¢. [Ans. cos {cos x)+ ] 4

t
i I!--I sm"[-]+f__
22, Hint Pat x + | t 14— |dy =dt E
n uk x EIEI- :-[ x] = 3

2
[Am.i{xd-lugx}j +C} -—lsin" [ms EI]+C
4
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321. Similar as Example 19.

Ans.l-l.m"' x+2 +C
2 2

33, Let :._[5 a‘f‘

'j dx
x T5=2gx=xt=i4) +{4)

-I d.t‘
S le=[xt #{4)  +2:4-x

o P — =
21=(x+4)* 7 (J21)? =(x +4)
il E+x+1+f
P T P T
dx 1 a+ x
- - '
[ jaz-xi Ealuga-x+ ]

dx dx
J= =
IJx* —dx J..Jx* -2y 4P =2
-.r d.t‘
:i[x-zf-z?
= logkx = 2) + -.|||(x -2f =2+ C
-lug[r—2:|+-|||xt-4x|+f_‘

rx‘( -L]'llqu
15. Lﬂ:-!’"" :;jmdx-jL :ﬂ dx

[taking x*common from numerator]

i i
[x';"‘(1 -L;] x(l-%]
I z dx lj x:- dx

Now, putl-L!E :id_t-d:
¥ 4
X x
de 1 1
= —l—d!:.'rf!—l{tl"" dr
' 3 3

]
x
=
js;

6. Letl=
'[ X (x +8)

x(.t + &)
[multiplying numerator and denominator by x*]

Mow, put ' k=t

dt

= Ix'dy=dr = x* dx-?
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J- I !' di - l_[ dt
{:-s;: 39t — g 3t B (4) —(4)
[m:ll:hng and subtracting {4)* from denominator]

'r{! -4)° -{4]'
11 t=4=4|
- I8 &
3 2md =4 +4
=8 5
—J.u + —lu +C
T BETI P
[-r=x"+8
1 1
mr-_[ fi"j dx
+1 1H
o (xt ) xz{r‘(ll-%]}
x
1 1
.!’ ﬂ'—’f'j dx

ETH
1
X

1 e
xt-xt (1 + —‘]
x
dt

1 4 1
MNow, ut1+—l!=-—dx-d:::-—d'x--—
F xt X X -+

a4
5 J-LJ' ] dr -1L+£
=4 4 p¥M 40174

=aflex™ M e [

t=14x""]

Hint Write the given integral as

N 1
%1

i
[A.ui x— ;lngl.‘l’i +1] + tan™ x +-|'_‘]

X
mr-[mdx

MNow, put-u";-: = 2—4}—&1’! dr :-d.r!i-ul';d':
X

= v = 2¢dt
3 3
I=2 u::‘J' 2 —d: Iwrﬂ
t+1 r+1 t+1

[adding and subtracting 1 from numerator]

(r 4+ =t +1) 1
-} dr =2 d
j r+1 ! '[I+I :

[-a* + b =(a+b)a® - ab &+ b))

1
k]
-:-':j[t =t +1sz-2_[de

ittt
=2 —=—4%t=] t+1)|+C
[3 . og |( JI}

2[14';
3

~log|(+x +1:||]+-E‘
[t = x]
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40, Letl= Isjnx-x:mx

xi{x+sinx)

= I(sjnx + x)=(xcosx+x) dx
x{x+sinx)

|+EIJ$I
- jle
X 4 ginx

dx = log| x| - |
Put x +sinx =¢ = (1 + cos x}dx =dt

dt .
I = log| x| -jT. log| x| = log]|t] + ¢

=] ;iﬁf
X +sinxy
-.l'tan
4. Letl=| """ dx
Sin X COs X

14 cos x

X+ ginx

dx

On multiplying numerator and denominator by oftan x |

we get
4 '\I nx
Jt.mx

= dx

s5in x -« cos IJ'[EI.ITI x

I-J-S..L'I.'I.I COE X

j- sin xfcos x _[
sinx-n:mx-.lrtanx -.Irtanx
Mow, put tanx =1

= secixde=dt

'
+C=—sC
2

o I T- IE""ﬂd! -

-—+1
2

2" 4+ C =2ftanx +C [-

41. Hint By using the formula, cos 2x = Jeos® x =1, given

integral reduces to

_[ —{2c08® x = cos x = 1)dx

1=cos x

-j {EED\SI'i'I:II',_I-EﬂSdeI

(1= cos x)
[Ans 2sinx + x +C1

2cos’ X
d.rl[ tan™" 3
Zgin® =

2

14 cos x

. Let I-Ita.n"
1=cos x

[ cuszil
F

14 cos x . 3 X
and sin® = =
2

Get More Learning Materials Here : i

dx

l=cos x

z

t = tanx]

J

e @)

+6.

= Itmqﬁdx-’[ tan"-mt%dx
et (s
A,

2
2 2x2

[ tan™ {tan®) = §]

2
b1
L_-—I-IT+L_

X

j 5|n‘x-|:max
3
1=25n" x cos” x

di= j{[ﬂn'x}z-tms'x}ﬂiﬂ
1=2sin’x cos’x

{zsin® ¥ = cos * x)(sin" x + cos® I}dr

1= 2sin’x cos® x

[-a* = b ={a=b)a+b)]

-{sintx = cmzxj{sinix + cos® xj}
dx

- !’.. I(sin® x)* + (cos® x)°}
1= 2sin® xeos® x
-{sint.r = cos? x)1 {{sin® x + cos® x)* 1

.3 2
= 2sin” x-cos” x}

dx

=]

1—2sinx cos’x
['.'sintr+c:ursix-|andaz+b2-[u+b]i-hb]
-!--cuslt[l-ism X C08 _r]

1=2sin"x cos®x

[-- cos 2x = cos® x = sin® x]
2x

l—Icns Exir!-ﬂnz +C

sin” x4 cos” x
Let [ = j—idx
sin” xoos” x

.r:l +Ecm x]l dx

2 - §

sin®
= = I{
5in” x cos” x

j-(sm X+ Cos I} —3sin® x cos r[:l.n x+ cos® ﬂd_t

ﬂIlz.'I.'EIJG.iI

[--a + b0 =(a+ b =3abia+ b))
(13 —351n x cos’ x

sm .'I.' El:lAi2 X

dx [ sin® x + cos® x=1]

ﬂn X IZ‘i:IS.:i x

]d}r =3 jldx

-Ilﬂn x cos? x+sin2xtm2x
:I(seﬂ: x + cosec’ de.t-ﬂJ-ldJc
!Im:ixdx+lcmjxdt-3lfldx

=tan ¥ =cot x =3x +C
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47. Similar as Example 13.

Ans. = cos4x N _ tos 2x i C
16 24 &

48. Leti=| T.Jr-"lr;d_r
X

Mow, putting -.||'; = cos [

Cos Bx

x=cos’t = dr=2cos t{=sin t) dt

I!j [-Esinrem T)df
1+ oos ¢

. r
2gin®—

r r
= I:—Zj : -25in —cos —-cos ¢ df
2eoatl 2 2

1= cog x!ﬂﬂ'n*%,l+tnsx!2m52%]

d sin 2f = 2sin { cos ¢
l--!.[sint!—-c:m tdt
2
:—1[1-c05?-ms:dt [___ﬂ_niﬁll-:nvsﬁJ
2 2 2
--Zﬁcm t=cos” 1) dt

"ﬂ[m , -m)d,
2

1
:-Esin:+!+Esin2r+£'

1
!-Esinf+!+3:n:25in!-|:m!+l_"

!-Eﬁh-ﬂﬂ\izf 1 +%[2~£-m52!-m5 )+
-21||I-I+EM'LE+J;4,||I-I +C

[ cos®t = x]

—21||I-I+EM-LE+JI-IE +C
2x =3 2 dx
IJ.-:*HJI-I Jx“id.dx-jj :.ixtln-i

Put x* 4 4 =t in first integral, then 2xdx = dr

dt dx =1 i
- I.I:’:-jjmljt de!-ilm

!I"ﬁE x
=—-=ilog | x+4fx" + 4

=2J;-3|ng|x+-|||lx +4|+C
= 2‘|.||.1L'2 +4 -3|ug|x + -.||.1ct #4|+C [vr=xt +4]

49, Letl=

+C
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e @)

50, Him:-_[

j “+I”I+I}dt
(1=x){l+x)

14+ x

;rl_—
-'[ a,]rl-x2 +'[ Ji-

Putl=x* = in second integral

[Ans. ﬂn":x}-,ﬁ- x* + ]
L.e»tr-_[
Ex-u](ﬂ =x)

Nuw,putx-u!! = dx = 2t df
2t dt '.[ 21 dt

J =
IJ:*-(E-H’mJ} tof(B - ) - o
.zJ' . [+ x=t"+at]
JB-a)-r
'2.[ ﬁwherzkilﬂ-ﬂ
= 2sin™ [i] +C [ I% = sin"(i]J
a —-x a

= [L
-z:'m"{ i +C

f=o
['.'k!..||ﬂ-||:|. and [ = fx =]
52 Let I-I&dx
3x? #13x =10
'.[ (x+5)
(x+5)3x=13)

!I—!-lug[ﬂ-x =2|%C
53. Similar as Question 52.

1
Ans. ;Lug|3.x +4|+ C

54. Similar as Example 22.
x=1= 'UI'E-r
Xx=1+ :E

- §
X =X

P |x? = 2x = 5|+ —=1lo
I > VoE T os

+r:]
J

(x*)F +3x% 42
(i) Put x® =14 then above integral reduces to

55. Hint (i) Write the given integral as I

t
= —— it
zj L

a2
iii) Similar as Example 22, [.ﬁ.ns.l als +£‘|
{iii) F og Teri—“
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56.

(3sinx = 2)cos x

Let [ = dx

13=cos’x=Tsinx

’_[ {3sin x — 2) cos x dx

13=(1=sin"x)=7sinx

3si =12

{ ||:l_1c2 jcos x dr
124 5in" x =Tsinx

Putsiny =f =% cos xdy = dt

(3r=2)
Then,I-I12+!j_?!dt-I

Jt=2

dr
12 =Tr+12

d
Let ix-znﬂd—[ri =Tt +12)+ B
t

= =2=A(2t=T)+B

= MH=2=3Ar=TA+ B8

On equating the coefficient of f and constant term from
both sides. we get

3
M-S:;A-Emd =TA+B==12

3
= =TH=+B==1
2
2 2 2
17
3:-2--(2: T+ —
2
=
'[!‘ -T!+12
2ar-1)
e[ des 12y
1t =Tt +12 t° =Tt +12
2t =7 17 1
I I 4 — i—d!
t* -TJ’+12 2 1" =Tr+12
=1, +1, )
3 It =7
W]'.I.E‘IE‘. II. --.rﬂ_dt
27 =Tt +12

Putt® —Te+12=1, = (2t-7)dt=ds,

dt,
Then, I, == -—ln L)+ C,
zj; gl
3 2
-;Lng“ =Tr#13 +

3
= ;I.ngjsinzx = Tsinx + 12|+ O

17 1
and I = [ ———dt

29t et 412

17
= —[log (¢ = 4) = log (1 = 3)]

-E]DE _!-4
2 =3
17 i -4
-—lﬂE &4.{_‘:
2 siny =3
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61,

6l

63, I..e*t]'-_[l_:mxdx -'[1

e @)

~. From Eq. (i), we get

Jsinxy =2
j {smx2 ) cos x dx
13=cos” x =7 sinx
3 17 inx =4
= =log |sin® x = 7 sin x + 12| + —log _ +C
2 2 sinx =3

Similar as Example 23.

1
[A.u.a x* +5x+6-Elug

5
(I+E]+JI2+51’+&

, c‘}
Similar as Example 23.

Ans. ..||5—4.x+ x* +5loglx = 2) 45— 4x + ¥¥|+C

Hint Firstly, write the given integral as
ox +7

dx and then similar as Example 23.
:,|.|.r =9x + 20

[Aﬁg.ﬁﬂxi-ﬂx+m+3dlng x—%]tlﬁx-% -l— -H:‘}

Hint Firstly, put x + 2= Ai{%r - x*)+ B and then
similar as Example 23.

[Am. -q,ﬁx - x* % 4sin™ (x; 2) + E‘]

Hint F:iTStl}" write the given integral as

X = _[ sin x dx - I dx

. 8
3siny =4sin” x

I sindx 3= 4sgin’x

divide numerator and denominator by cos® x

and then put tan x =
+.;-]

[m

Similar as Example 26. [.-n..-.g. 311-& {LE‘—”] +C ]

1
Co& X

'Jr+2ta.nx
3 2 tan

A

Sin X

.I de i)

SN X =Cos X
d
Let sin x = Ad—{:in x=oros x) 4 Bisinxy = cos x)
s

= ginx = Afcos x +sin x)+ H(sin x - cos x) i)
On equating the coefficients of like terms
sin x and cos x from both sides, we get

A+ B=1 (i)
and A=-B=0 i)
On adding Eqs. (iii) and (iv), we get 24 =1= A = lE

On putting the value of A in Eq. (iv), we get

1
—=H=0 = E-l-
2 2
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Now, from Eqs. (i) and (ii), we get

li{5i|:'| X =08 X)+ IE[ﬂILI- C0s§ X))

I= | 2dx

l[ms X <+ sin x) + %ﬁsin X =008 X)

dx

SiNY =Co0s X

dx

= i=]

SN X = 008 X

dx

COE X+ 51N x S5INY =008 X
- e

SN X =008 X ENX =008 X

Put sin x = cos x =t in first integral. 67.
Then, (cos x + sin x) dx = ¢
;-lJ'd_‘lqnijdx -llngj:|+1-x+f.‘
1
-—Iug|5mx-|:mx|+—x+f_'
[ t!ﬂnx-cusx]
*+1
6+. Hint It is an integration of the form I I—
!+ dx? +1
S0, divide numerator and denum.malnr by x* and make
a perfect square as (I ¥ —] in the denominator and
1
then substitute x F ==
x
Ans. [x=-1}+f_‘]
. r=1 .
65. Similar as Example M.[Ani. 1+-|'_]
+
Ox
cos 5x + cos 4x 2 cos —=- ooz =
66. MI!IIE - = hﬂ dx
e S 1-2(2:-:.;.-:2 —-|]
2
soos O+ oos D=2 cos E+D-cns £-b
2 2
2l X
I and cos x = Zcos E =1
Qx x Qx x
2cos — . Ccos— CO5 —« COD5 —
= :-_[ 2 : Z d.r-—j 2 2 g
. cm*?x 4cos? ==3
X X
2eos — cm; cm?
== d.‘l.'
3 3
4cn5!’—x-3:m—x
2
o o Ix
[mult]pl]nng and dividing by cos —J
2 68,
x X
2008 — « COE — ¢+ OO —
- 2 2 dx
[3:
cos 3| —
2

[~ cos 38 = 4 cos* @ = Jcos @]
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Let I=|

=]

= e

= [ tan™

3
J-Ec:ns —I'EM idx
2 2

for (2 5)e o (53

[ 2cos A cos B=cos (A + B)+ cos (A = B)]
J-{m:u. 2x + cos x) dx

sin 2x
2

‘J1+ cos 2x + 1= cos Ex}ﬁ

1|'1+ Cos 25 = ;,Jrl-tns 2x

'Jic:us x +1|l2m'|. x}’x

\IEms X -stm X

[ P 1+ cos 2x .3 1—ms.2.r]
o0 x-—am:lsm =

2
cot=i cO8 x +sinx + Ein x dx
CO5 X —=5inx
1

—_— [.' I:ﬂt-:lx = tamn~ L}

EIJEI"'E.EII x
CO5 X —-ﬂl'.ll'

1
+5inx]+£‘--55in2x-sjnx+f_‘

cot™

cot™

«f cos X =sinx
-It.a.n x
cos x +sinx

[cus X smx

-j t'EI.I'.I-I COs X COs X v
E05I+ sinx

COEX COsX

[dividing numerator and denominator by cos x]

-I tan™" 1=tam x
1+ tanx
;o

-I tan™

n
tal'.lT-LEIlI

9
1+ tan—-tanx
4

el

=] (; - x]ﬂ [

tan x — tan y
l+tanx tan y
tan"~ (tanf) = @]

[ tan{x = y) =

x
x

=—xy=—x%
4 2

Let = J’,ll'ume 48

Now, put ftan 8 =t = tan@=1¢"

Then, sec®f d8 = 2r dr
= b= ——dt = dt=— gt
sec” @ {1+ tan” @) (1+1)

e @)
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2 2 2
1= . = .l d:-_|'“ PO
(1+1%) (1+1*) t* 41

[adding and subtracting 1 from numerator]

H] 2
¥ +1 t* =1
- 4 | =——dt
I:'+| -llr‘+1
1 1
14 = l==
:I L n‘r+I L
a1 a1
4= o+ —
t t
1 1
14— 1-=
:

e

1 1
Now, put t = —=yand f + —= v
I I

= [1+I—]d!-duand[1-l—]d!-dv
i? i

dv
I'!’u +{-I"} Iv*-w'if

= tan" - v--'E+L—
E 2 v+ 2
I I -—ta.n'lxanu:l]
.3(' +l] i d
-a
—J.n
Ix - = E_1r+r:|
:r-— L

+ log|—L—|+ ¢
JEJ ?,E“EHL_JE

t

[ u-!-lnndv-t-l-lJ

12 =2 s
t +;2.|'+1

1

-Itan"!-l+ lo
2 FrE

0

L tan™" tand =1
:E ;|-|2tan
|t.a.n'E—..||2t.a.nE+l|

|tanE+.f2 tan © +1|

[ J'-..||tan 8]

1
69 letl= | ———m——x
'[ cos® x +sin'x
On dividing numerator and denominator by cos Y x, we
get
2 z
- _j{sec x)isec”x) dx

I-J- 1
1+ta.n.r 1+ tan" x

= [ dex [ 14 tan® x = sec” x]
1+ tlan x

Get More Learning Materials Here : i

70.

7.

e @)

Now, put tan x =t = sec’x dx = dt

1+
JI-'[14'1'
Again, dividing munerator and denominator by 12, we get
1+i2' |+ii'
I-Izl—!d!--[l—!id:
P —+2-2 (?_?] o

[adding and subtracting 2 from denominator]
Again, putting = L o= [I + Lﬂ) df = du, we get
I t

e ()
[ It ()

- [.. 1]
= I-:lEmn 73‘- + O L.u-I-TJ

I-I e =]
ut +(2)

=

1 -1 1 .
= I-?Emﬂ [?Er—]'fc
= [= 1 tan™" tan” x -1 + [~
32- EEtanx -
Hi.ml'-I[—JE:J-JEI]#III“M&ILI{I+mtx:|4ir

Mow, put tan x = it

= tan x]

= sec” x dr =2t dt

= dx = = di = .F-J.I[llsLi:l—ZI. dt
1+t 1+t
x
=5 J-EJ-! +1d'!
tt+1

Further, solve as Question &4.

i

2tan x

1
sin® x +sin® x cos® x + cos® x

Huul_e:r-_[ d

On dividing numerator and denominator by cos®
get

X, we

(secz x) [se:2 x)

;-j dx m
tan® ¥ + tan® x +1

tan® x + tan® x +1
Nuw,puttanx-rzsec x dy = dt
[-sec® x=1+tan® x=1+ 1]

3

1+t

Im .[—zd: [-
Y |

Further, solve as Example 28.

1 tan® x =1
Ans [ = tan™’ Sl +C
&5 tan x

t=tan x]
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| TOPIC 3|

Integration by Partial Fractions

Sometimes, an integral of the form J‘ Plx) dv. where According to nature of factors of Q(x), corresponding form

Qlx) of the partial fraction is given below.

Get More Learning Materials Here : i

Pix) and Q(x) are polynomials in x and Qix) # 0, also S Mo, Form of the rational Form of the partial fraction
Q(x) has only linear and quadratic factors is given to us, if funcsion
we cannot integrate it directly or by previous methods, ; g L. A ,_B
then we use the partial fractions. | xxa)xb) xta xth
For this, firstly we have to know partial fraction 5 pctg A ,_B
decomposition which is given below | (xtaf (xta)  (cxaf
PR A B c
PA.RTI_AL FR_ACTION 3 (x+a)(xt B)(x+c) (xx EI]+|:J|::I: b]+[x:|:r.]
DECOMPOSITION e o
. T [xta) (xth) [xth
It is always possible to write the integrand of the form Pl . be 82 OF
where Plx), Q(x) are polynomials in x and Q{x)#0 as a > (x+af (x+ b) (xta) (xxaf («zb)
sum of simpler rational functions by a2 method which s A B o
known as partial fraction decompositon. Each such 6. pxt:t—q:n:s:tr X2 a]+ xtaf = it af
fraction is called a partial fraction and it have a simplest (2 a)
factor of Qx). In this method, we use the Fu]lmn."jng STEpS el gk A Bx+(C
FralE tbxteo) + ® & b
[. Suppose the given integral is in the form %. 7 =z a) [« + bx £ ) (x EII:IME ; ;ic tc .
factonsed further.

where Mx) and Q(x) are polynomials in x and
(x)#0. Then, firstly check that it is a proper

Using the above form of rational function, write

I i i P B
ﬁaﬁ;; ar impeeper feaction, ﬂur i (x) in suitable form of partial fraction and
IL I is a proper fraction, then we go to next step Qlx}  Qx)
Qix) assume it Eq. (i).
directly. IFE is an improper fraction, then we IV. Now, muluply both sides of Eq. (i} by (Q{x) and
Q1) assume this as Eg. (11, then for ﬁ.ndin.g the values of
divide P(x) by Q(x). so that gix] is expressed in the ?;ZE_::;S A, B,C, ex, we we the following twa
x
Bix) . L Method 1 Conmns factor of the form (x# &),
form of T(x)+ ﬁ'- where T'(x) is a polynomial in [x % B), (x %), then put (x* ), (x £ &), (x £ ) equal
Px) ) . to zero to find values of x and then put these values
x and is a proper rational function. of x in Eq. (i) to get the required values of A, B, C,

X

Pix) or
Qlx)
AW, |
into the partial fractions depends mainly upon
Qx)

the nature of the factors of Q(x).

[II. Now, the decompaosition of proper fraction

e @)

[

Method 2 Simplify LHS of Eq. (ii) to convert it
into a polynomial in x and then equate coefficients
of x*,x%, x and constant terms from both sides to

get equations in A B C, ... ete. On ml'l.dng these

equations, we get values of A, Band .
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V. Mow, put the values of 4, B,C,... etc, in Eq. (i) and
get the required partial fraction form.

Mote A function of the form ﬂtxj} where f{x) and g(x) are
pohymomials in x and g(x) = 0i= called a rational function.

If degree of fi{x) < degres of g(x) tfﬂn% is called
)

proper rational function. If degres of fix) = degree of gix),
then — ﬂ#} iz called an improper rational function.

k| 2
EXAMPLE |1|Resnlve" —ox * 102 into
x —5x+6

partial

fractions.

Sol Here, degree of numerator > degree of denominator.
5o, it is an improper fraction.

Mow, divide numerator by denominator, we get

3 2
- Gx" 4+ 10x = 2 + 4
il Lk N LR 0
x° =Sy 6 xt=5x
-t 4 -4
Mow, 3 =
¥ =Sx+6 (x=2){x=-3)

[-x'=Sxdbmy’ mdy =iy +bmix=2)xr=1)

-x 44 A B
So, let —— = + Aii)

xP=5x 46 x=2 x=3

[from fraction table, it is of the form 1]
= =yx+dmA({xr=3)+B{x=2) ~{iii}

[multiplying both sides by x* = 5x + 6]
On putting x = 3=, i.e. x =3 in Eq. (iii), we get

=344 = A0+ B3=2) = Be=i
Again, putting x = 2 =0, i.e. x = 2in Eq. (iii), we get
-24dmA(2=3)+ B{0) = A==2

Mow, putting the values of A and Bin Eq. (ii), we get

-x+4 -2

= +

' =Sx+h x=2 x=3
3 r ]
Hmm.w-x-|- 2 e 1
X =5x+6 x=2 x=3
[from Eq. (i)]

Method of Solving Integral
by Partial Fractions

P ':I; dx, whete P(x)

Suppose given integral is of the fnrmj

and Q(x) are polynomials in x and Q(x) #0. Then, to
evaluate such integrals by partial fraction, we firstly take the
P(x)

(x
fraction form by above method and then integrate each
term by using suitable method to ger the required answer.

given integrand and decompose it into suitable partial
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X

S, |}

_ (x-1°(x+2)  |NCERT]
o Firstly, write the ghven integrand into partial fraction form
* and then Inlagrata

sol. Letr-j'

EXAMPLE |2| Evaluate J‘

{x-n*{x +2)

Here, integrand is a proper rational funetion.
So, by using the form of partial fraction, we write

x A B c .
{x-l"'i{x"z]'-fx'll +'[x-1j= +I{r+ 2) )
X -A{I—lj{x+2]+Hr+2}+c'[x_|]2

=
(x=1){x+2) (x=1)*(x+2)
= x= Alx=1)x+2) & Blx+ 2+ C{x=1)" i1}
On putting x =1 in Eq. (ii), we get
1= A{l=1}1+2) + B{l+ 2} + C{1=1)
= i=38F = HB=113
Om putting x = =2 in Eq. (i), we get
- 2m A(=2=1){=2 + 2) + B(=2 + 2) + C(=2=1)"

-2
= =m0t e W == C-?

Om putting x =0in Eq. (ii), we get
0= A{0=1)0+2) + B0+ 2) + C(0=-1)*

= Om=24+2B+C
= pm2a+2.2-2 [pal ca-2]
39 |73 9
= DI—EA-FE—E
3 9
= I:I-—EA-!-&;;E
9
= A=A = A=2/9
Mow, putting the values of A, Band Cin Eq. (i), we get
x __zm 173 -2/9
(x=1F{x+2) (x=1) (x=1)" (x+2)

x
Ie | ———d
I{x-1f{x+z} *

_I x=1 _I{r—lj _Ix+2

-—I.n =1+ — x—l'&dx-—ln x+H+C
Ziogl =1+ 1] (r=1 v = Zlog x4

1 (x=0"
(=1)

2 1 2
=—log |y =i = ——=log |x + 2| + C
g leglx=1| rr——l— glx+

N__ 1 e
x+2|] Ix=1)

r" - ne=lo E-l
1_-103 log el

] 2
Zlo + -l +2+C
= ~log|x -1 - log|x+2
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EXAMPLE |3| Evaluate Iz;dx
(x* +9(x -7

[NCERT; All India 2015C]
Sol L!E"I:I-J!;dx

(=2 +1)(x =1)

x 2 Flx)
(x* #1){x=1) Ox)
where, degree of F{x)is less than degree of O{x), so it is
a proper fraction.

A Br+C
Now, let a = - = i)

(x? +1){x=1) (x=1) x°+1

Here, integrand = (zay)

Om multiplying both sides of Eq. (i) by (x® +1){x=1),
we get
x=A(x? +1)+(Bx + C){x =1) _{ii)
On putting x =1in Eq. (ii), we get
1= Al +1) +(B+ C)(0) = I-Eﬂ#ﬂ-lz

Om equating the coefficients of x? and x from both sides
of Eq. (i}, we get
0=A+H and i==H+C

1 1
= l=—%+Hf=H==—
2 2

and 1-—[—l]+f=;(‘-1—l--£-
2 2 2
From Eq. (i), we get

1 1
x 1 —SrtD
o2 2

(4 0(x=1) 2(x=1) ¥ +1

i)

Mow, putting partial fraction form of integrand from
Eq. (iii) in given integral. we get
J-J- ! ﬂ'I+1— {-x+1jdx

Z(x =1) 27 ¥+l
o 1l x 2y 1 ir-l
- Elx-ll+El-J.x!+1KE X+in+1 J
1 2x 1 1
-—lng|x—l|—:] T E‘[,r:-fld

i 1 i -
'ElﬂEII'll'Ilﬂﬂ-": +1|+Eta.n 'x#C

for evalmating Ii—x de, put x* + 1=t = lrdx-a!r,“
x*+1

x4+

[th«mj 2X_dv = [Ldr = log|r| = log |x* +1] J
3

2C05 X

EXAMPLE |4 ﬁndJ' PE—— =
—3In X —Co0s" X
[All India 2019]
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Zeoos x

Sol. Lel:.F-I

{1 =sin x){2=cos® x)

dix

'I 2cos X
{1 =sin x) {1 + sin® x)

Putsin x = = cos xdx =df
I-I ;td!‘
(1=t){1+t%)

Mo, et 2 A  Bt+C
=t i+t*) 1=t 14¢°
= 2= A1+ 12+ (Bt + C){1=1) i)

Putting t=1in Eq. (i}, we get
2ml2q = A=]
Futting ¢t =0 in Eq. (i}, we get
2mA+C=2mli+C=Cml
FPutting t = =1in Eq. {1}, we get
Zm A +(=B+C)(2) = 2m =20+ 2

=3 2Pm2=Bmi
1 41
Sl —dr+_f df
L=t 1+
= '—d:+lj 2igd‘r+_[ lid':
1=t 27 14t 1+

-—I.ug[l—:}+IE|ng{I + )+ tan™ r + O

==log [l—s.inx}-i-lzl.ng (1+5in® x)+ tan™(sin x)+ C

{12 +1) (12 +2)
{JI:ir +3) (12 + 4)
Kol Firstly, convert it into simple form by putting e,

(1) (x+2) (t+1)(r+2) P+ +2
(x® + 3 x’ +4.}-{r+31[:+4]-

EXAMPLE |5] Evaluate | dx.

e write

e T 12

Mow, degree of numerator and denominator is same, so
4t + 10

it can be written asl = ——
t? T +12
[dividing numerator by denominator)
it w=1)(xt +2) oy l41410)
(x* +3)(x? +4) #7412
4 t+10
-{t+3j{!+-i}

=]

i)

[t + Tt +12= 1" +4r +30 +12 = (1 +3) (1 + 4)]

MNow, consider 4 +14 - A + B

(t+4)(t+3) (r+4) (t+3
i 4410 _ At +3)+ Bt +4)
(t+3)(t+4) (t+4)(t +3)

= 4 +10= At +34 + Bt + 4B
= 4t +10=¢ (A + B)+(3A + 45)
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Omn comparing the coefficients of r and constant term 3 ]fI §in x dx = f (x) +C, then f(x)is

from both sides, we get cos x (1 + cos x)

== 3A+3B=12 [multiplying both sides by 3] .. {ii)
: . l4cosx [=la T 5
and 34 +4B=10 i) (a) log (b) log
COs X 1+ cosx
On subtracting Eq. (iii) from Eq. {ii}. we get . .
=-fm? = Bm=? (c) ]':"E SCII'I-.I (d) ]nE|.+.5II'LI
1+ simx s5in X

Then, from Eq. {iii). we get
IA 4+ (=2 =10 = A =18 = A=6

&t +10 6 _ 2 SHORT ANSWER Type 1l Questions

(t+4)(t+3) t+4 t+3 Directions (Q. Mos. 4-19) Evaluate the following
integrails.

Om putting this value in Eq. (i), we get

: 2eos X
(F+ai+n [ 6 2 4+ Find [— —— dx. )
e e [:n .+3] {1=sinx){l+sin"x) [CBSE 2018|
O O L.
(x* +4) (x*23)) (l+e’)2+e”) INCERT]

Mow, given integral, 6 J Ty -
f-_{ndx-f[ EE' —-— : i]dx (x” +D{x" +3) [NCERT; Delhi 2011]
x4 2 x +[£J 7 J {EEII'I-I} Neosd dé
= x—ﬁ-[l—tm" f] + 2[ ! tan™' X ]+ C 5-cos 0-4sine INCERT; Delhi 2016, 2013C]
2 2 B 7 g
[I 1 el {] s Jm [Delhi 2015]
at +xt a a
9 J (2x=1)
= x =3tan™ %r%un" 5;1-1‘.‘ II-IJ[-'i+2§|'[-*~"3] [NCERT Exemplar]
10 [—& _ _dx
| TOPIC PRACTICE 3 | e ——
2x
- - , - 1 [——=— _dx
OBJECTIVE TYPE QUESTIONS Iz ,D[Izﬂ,z et 2017
J x equals . 12
fx=1 i’r _]2)1 _— INCEXT) ‘[ 1-1’][11-1 ) INCERT; Delhi 2012
x= =
(a) log 2 +C (b) log 1 +C 3 ngﬁ:
el (x” + Delhi 2017
(e}l -1y (d) log |(x =1} (x =2)|+ C dx | |
o [I _2} R i JI{? +1) |All India 2013
a
2 4 equals . -
J_rl[le-lJ q [NCERT]
(a) Inf_|_l:|—%]ng{.::+1}+ﬂ ] JET
B) loglx| L log(x? + 1)+ € (" + D (x+32) [All India 2019, 2016, 2015]
2 + "
(c) =loglx| +% log(x*+1)+C ‘ltx -1 (x?+1) [Delhi2017C)
18 (—x'
[d};—hﬁ'-ﬂ"' log(x® +1)+ C ‘ll;.r-ljlli.r* +1) INCERT]
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LONG ANSWER Tyvpe Question
19 cosd 40
j (4 +sin’8) (5= 4.:0511}]

20 Ewvaluate _[ —i—rd_r

(X" +4){x"+9)

|All India 2017]

[Delhi 2013

I HINTS & SOLUTIONS

x A B
- I[h’”'mzx-1;|[x-2;|-[x-13 T
= r=A(x =2+ Blx=1)
Putting x =1, we get 4 =~
and putting x = 2 we get 5= 2

X i dx
Thus'-{;x-n}{x-zj--{quﬂEIx-z

== log|x =1 % Zlog |x = 2|+ C
-2
x=1
1 A Bx+C
2 (a)Let———= =+ —
¥y +1) X &1
= 1= A{x® +1)+ (Bx + C)x
=5 A+ B2 C=0and A =1
On solving these equations, we get
A=] B==land C =0
1 1 -x
=
xP+1) x x* 1

=’-{ ‘*‘1 df.‘[[%-xfﬂu}

w{x? +1)
= log | x| -IEIug{xz +1)#+C

3. (a)Let! -j' ik

cos X (1 + cos x)

Put cos x = f = —sinx dy = df

I-I = dt - - rl-;]d}

(i) t o+l
= = [log 1] = log |t +1[] + C = log |52 L] 4 ¢
COSX
4. LHI-I 2cos x .
{1=ginx){l+sin” x})
Putsin x = I, then cos x dy = dr
= -1}
-{1-:}-[1“;
Now, let ;:- i+ﬂ:_+:_‘
(I=t)1+t") 1=t 14f
= el ) A+ (1=t Bt + )
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= 2o+t )A + (Bt +C = Bt* =(1)
= 2=t} A=B)+H{B=C)+(A+C)
On comparing the coefficients of like powers of §. we
get
A=F=t B=C=0and A+ =2

=5 A= B=Cand A+ C =2
=5 A=f={=]

2 1 1t

= 1

(=1 +e) 1=t 14¢°
Mow, from Eq. (i), we get

1+t
I-‘I.[l—! |+t]dr ‘[ I 1#1° s ‘[1+:
1 ol
(=1}

i
-Elcmg|l+si:n2 x|=log |1 =sin x | + tan™ {sin x) + C

'-.||1+s.1n x

l=sinx

[ logm = lngn-la{ ]andnlugm-lugm:l
n

5. Hint Substitute e = t and ¢* dx = dt, then given integral
dt
[+ e){2+1)

Elug f+t?|+C

[ ¢ =sin x]

= tan ™ (sin x) + log +

reduces to I Further, use partial fractions

m]
6. Hint Firstly, put x* = = 2xdx = dt and then
dt 1
J= | —— | Ans. =] +C

Iqr+13[:+3}[ 2B ]

7. Hmt{l]‘ﬂrntethegwemntepalEIM
sin” g=4sind +4

1+e
24e"

and then integrate. |:Ans log

xi#1
Xt 43

{ii} On substituting sin ¢ = t and cos ¢ dj = dt, then above
(3t =12) dt.

(r=2)"

{iii) Now, use partial fraction and then integrate.

! +.:]
= gin i

dx _J- dx

sin x +sin 2x

integral reduces to

|:An5. 3log |2 =sin :t||+2

8. Le’l:I-J

sin x -+ 250 X Cco8 X

[ sin 2x = 2sin x cos x]
-I dx -I sin x dy
sin x{1 + 2Zcos x) gsin® x {1+ Zcos x)

[multiplying numerator and denominator by sin x]
‘[ gin x dx

(1= cos® x)(1+ 2 cos x}
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Now, put cos x = =5 =ginx dr = dt =ssin x dy = = dt

=df =t
Im = i
Iu-r*unm -[{1-:]-[1”:[14- 2t) ad

Now, let

i A B [
- —
(A=ri+r)(l+2t) 1=t 1+r 142
= 1=({1+r){(1+2t) A+{1=t)(1+ 2t)}B
#l=t){l 4y (i)
On putting ¢ = =1 in Eq. (iii), we get

i)

1=(2)(=1) B =:-B--'E

On putting ¢ =1 in Eq. {iii), we get
1=2(3)A = A-l

&

On putting ¢ --% in Eq. (iii), we get
1-[1+l](|-1-]f_'=&1-(1x|- ‘==»|’_‘-4.
p . 2 2 3

cl=- I—a‘ +j% dt + _[I :;Ed:]

J=F
[using Eqs. (i) and (ii}]

(1 ¢ di [1] dr 4 d:}
R e
6 1=t 214t 31+

(1 log|i =t 1 4 log|i+ 2t
]c

= =-=logl+1]|+
f -1 2 2

1 1
==logli=t]+=1Io 1+r-—lu 14 X|+C
" gli=1 . g+ 3 gl I

-llng|1—ms x|+%|ng|1+m5 x|
2]

—glng|1+2msx|+l_" [t = cos x]
Hint ZIx =1 - A + B . [
[x=Ix+2}x=3) x=1 x+2 x=3
-1
Ans. et — [
[Mlﬂg{x-u‘“(nz:”" }
0. e 1afCE__
(e* =17 (e* +2)
Pute®* =r = e dredt
dt
I | —
‘[{r-l}’{r+2j
Now, let ! - A + 5 + £
(=172 (=1} {r=1F (r+2)

= 1=Ar=1){t+2)+ Bt + 2+ C(t=1)°
= 1mA(r 4+t =2+ Bt + 2+ Ot =2 +1)
= 1=215(A+C)+HA+B=X)=24+2B+C

On comparing the coefficient of ¢, ¢ and the constant

term from the both sides, we get
A+C=0A+B=2C=0 and =24 + 2B+ C =1

1.

1%

e @)

= Am=rC, i)
A+ B=2C i)
and —24+28+C=1 i)
On substituting A = = in Eqs. (i) and (iii), we get
—-C+Bm2=B=iC Aiv)
and 2C+2B+Cml
= I+ HIC) + C =1 [from Eq_ (iv)]
== Wm] = (= l
9
Wow, from Eqs. (i) and (iv), we get
A= -—I B= L
9 3

1 1 1 1 1
Now, [= ] = -
. I{ 9{:-1J+3u-1f+9[r+z]J

i ir dr
---L-i I{;-n +9-[:+2

1 1(r=17""" g
=—loglt =1| + — ——— % —log|t + 2|+ C
- gﬂsl I 3 (2+1) 9°E| |
=liog|it2l_1 1 L
9 Cle=1] 3 (t=1)
= Liog|€ +2| 11 e
9 " |et=1] 3e*-1) [putting t = %]
Solve as Question 10.
[ans.mg|x*+1|-1ug|x*+q+ L +.—;]
x"+2
Let I = | = -
=-xMl+x")
Decompose the rational function into partial fraction.
Let 2 - A +BI-I-I'__
fi=x¥i+x") 1=x 14x°
2
N 2 : -A{1+xj+{EI+E'J{1—Ij
(1= xHl+x") (1= xp{l+x")
= 2= A(14 x*) +{Bx + C)1 = x) i)

On putting x =1 in Eq. (i}, we get
2= Al +1)+0 = 2A=2=A=]
Om putting x =0in Eq. (i), we get
I All+0)+(0+ CHl=0)=> 2= A+ - Aii)
On putting the value of A in Eq. (i), we get
Zml+ = C=1
Mow, putting x = =1 in Eq. (i), we get
2= Al +1) + =B+ CH1+1)
= 2m2A =28 +2C .{iii}
On putting the values of A and C in Eq. (iii). we get
2mP?=37R+2 = Bm=mi
2 i
=
(1= x )1+ x")

l:x +1
14 x°

l=x
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Now. I= dm x+1
o I{l—x‘j{l-l-x ) I[i- x”+1}i‘
-I .'I.'+I
l=x x +I

= dx +
'[I-I £+ '[x+1
Put 1+ x° =t in second integral, then

Iy demdt = xdr-d—r

b et by

= = log|1 = x| +Ebng|r|+ tan™ x + C

1
= I-ng|1— -I-;[ngll + x=|+ tan ™ x + O

1
|: =logx = Ing—]
x

13. Solve as Question 12,

2

[M& llﬂ-g[:u':i +1|—l lbng |x* + -i|—ltan" | l_"-l
l_ 5|2 2 2 J
ref— &

ox#10xt =x+1)

[--a® + b = (a+B)a® + b =ab)]
Decompose the rational function into partial fraction.
Again, let

xx? +1j

1 A B Cx+ D
+

—2-—.+ z_
Mrx+lx"=x+1}) x x41 x"=x+1
= 1= A{x+1x" =x+1)+ Bl x® = x +1)
#(Cx + Dyx{x +1)
= l=mdAlxr’ = +r+r’=x+i)+ Bx=x"+x)
+(Cx + D) x? + x)
= 1=A{x*+1)+ B =x"+x)

+(Cc* + De® +0x® + D)
=l=(A+B+ O +(=B+ D+ Ol #(B+D)x+ A
On comparing the coefficients of different powers of x
from both sides, we get

A+B+C=0 i)
—B+D+C=0 i)
B+D=0 i)
and A=1 v}
From Egs. (ii) and (iii), we get
C=2B=0 ¥}
From Eqs. (i) and {iv), we get
B+C == i)
From Eqs. (v} and (vi). we get
5-—%3.1:[ C-—;:&D-% [using Eq. {iii}]
=Ll
MNow, I-IL-I R +—3 3 | e
x{x* +1) ¥ Yx#l) xP=x+1

e @)

1 1 1=2x
=. —
'[ x+1 SIxi—x+1
= r.h5|11-_tug|x+1|-_jidx
X =yl

Mow, put r=x" —x+1=:dt-[2x—l}dx

dr
1= log x| -log |x+1|- [ =

1
= log x| = Zlog x +1|= Zlog 1|+ C

= bng|x|-%Inglx+1|—;—lng|xt—x+l|+f
[put s = xt=x 1]
= l'ﬂg|:t|-%lu-g [(x+1)(x? = x+1)| +C
[~ logm + logn = log mn]
= bng|x|—%lng |x® +1] +C
= log |x] = log |x* +1® +C mlog—1__+c

| ™™

r"l&u m=logn=lo ﬂ-l
l- B og EnJ

15. Hint (i) Firstly, write the given integral as
ax

I[x-u{x+1j{x*+1j

(ii) Let 1 _ - A N B +L"x2+D
(x=1){x+1jx"+1}) x=1 x+1 x"+1
| 1 =1
Ani— =-—tan  x+
[ g peey x+1| 2 ]
16. Letl=| L“‘ldr
(x* #1)x+2)

Using partial fraction method, we get
x4 x 1 A Bx+C
= +
(x® +1){x+2) x+2 x% 41
= e xel=A(x" 1)+ (Br+ O){x +2)

i)

= Cardimxi(A+ B +x(2E+C)+(A+H0)

On comparing the coefficients of x°, x and constant
terms from both sides, we get

A+B=1 A1)
2B+ =] . 1ii)
and A+2C =] i)
On substituting the value of B from Eq. (i} in Eq. {iii),
we get
2(l=A)+ Cml=22=24 +C =1
=% ZA=(C=1 AV

Now, solving Eqs. (iv) and (v}, we get
= l and A4 = E
5 5
On putting the value of A in Eq. (ii). we get
2

BII-E-—
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Thus, from Eq. (i), we get

e x+l 3101 1 (2x +1)
|- =
{x’+1nx+2] 5 (x+2) 5 x'+1
(2x +1)
= == i
‘[x-I-E 5‘[_1-1+|

_‘[x-I-E _‘lx +1-“x+ ‘[x + 1

-Eli:ln;g|.=r+2|+El.c||5|_1rz +1|+Et:1|:1'I ¥+

B dx i -] x
.sz+az-;m.n .[a]l'-c
Jf{ jdx-l.ug|f{x:||+f_'

17. Solve as Question 16.
1 1 1
[Ans. Elnglx =i| + Ilng| x4 i + ;I.a.n" X+ L‘]

18. Hint Firstly, write Ih.e given integral as

j[{x+1:|+ - ]]ir
ey ex=i

-_{[x+|]dx+j

(x —ij{x +1)
and then solve as Question 12

[ 3
l;l.m.XT-I-JL'+131v:|:;5|_1r-I|—%I|:|n;g|:u'2 +1|—I3tan"x+£‘]

_ cos _ &
(4 +sin B} (5=4 cos @)
J' cosB
n
{4 +sin 8)[5=4{1 = sin*A)]
_J- cosB -
{4 +sin®0)(5=4 + 4sin”8)
cos
=]
{4 +sin*B){1 + 4sin*@)
Putsint =r = cosf af = dr

19, Let ;.J‘

dr

Then, e — i)

Iz4+:’}u+4:23
1 A B
Again, let = * i)
A+ 1 +4r%) 4+1% 1440’

[by partial fraction]

A B 1

Atte=l), —d¢—=—=A+4H=] i1 ]
4 1 4=1

At t-l.%+§-;=>5ﬁ.+53-1 Aiv)

On solving Eqs. (iii) and (iv], we get

A-—Lmdﬂ-i
15 15

1 4
On putting A = ——5 and B = 5 in Eq. (ii), we get
1 1
1 4
! =15 15
4+ 1 +4t%) 4+ 1447
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1 =1 4
= +
(44 )1+ 4r2) 15(4+1¥) 15(1+41%)

On integrating both sides w.r.t r, we get

d':-—l ! :.":+i ;J:

1
'{{-1+!2](1+-i! ) 157 g4 157 1441t
Lo 4 1
+ _{ dt
|5 Pt BxaT V¢,
—1
2

-11 _1!‘ 1 1 =1 'y

= —tan™! — 4 — ——tan™! — 4 O
15 2 2 15- 1/2 172
I -—tan"£+lf-|
[ i a |
!-—Itan"ﬂne+£ta.n 2sinfl + C
30 z 15 [put r = sinf]
2 2
200, l.E’tI-I— -l_JEI -:-1+‘?i4 9;‘.’
(I +4 Nz +9) (X" +4x" +9)

[adding and subtracting 4 and 9 from numerator]
lf x* 4 J x* %9
2 zx*+4]-[x=+a} 29 (k)" +9;

_ 13
_'{{x=+4]{x2 +9)
1 _1 13 dx
_‘[x +9 2-{1 s J{x’ +4)(x* +9)

ii -,[x] ii _,[x]
=——tan™ | = [+——tan™'| =
23 3 22 2
L] | L S N
2 57 (x*+4) (x*+9)
[ =]
Txtsd® e a
1 _d[.\.'] 1 -.[I] 13 1 -.[I]
=—tan™ | = |4—tan™'| — |=——tan™"| =
& 3) 4 2] 10 2 2

131 -
tan™t| = |+ C
10 3 3

o ———

(B2
()
()
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| TOPIC 4|
Integration by Parts

Let u and v be two differentiable functions of a single
variable x, then the integral of the product of these two
functions
= Ist function X Integral of the lInd hunction
- lnrcgr'.ﬂ of [Denvatives of Ist funcrion
* Intl:gral of the [Ind function]

ie. [ u[-];:.e&=ujyir—j'(§(u}j“fx]gx

If in the product, two funcrions are of different types, then

take that function as first function (i.e. i) which comes first
in word ILATE, where

I : Inverse trigonometric function. e.g. sin ! x
L : Logarithmic funcrion. e.g. log x

A Mgcbra:ic function. eg 1, x, x?

T : Trjgu:nnmc'trh: function. e.g. SIN X, CO5 X

E

: Exponential funcrion. :.g..rx

Mote

{iy ¥ the integrand contsine a2 logarithmic or am  inverse
trigonometric function and the s=cond funciion is not given, we
take sacond function 2= 1. e.g. In the integral of J'ﬁin’1 xbe, wa

take second function as unity {i.e. 1).
{ii) Integration by paris is not applicable in all cases. For instancs,
the method dioes mot work for J-J;gjnxdx. The reason iz that

there does not exist amy function whoss derivative is Jxeinx

Method to Find Integration by Parts
Let the given integration is of the form [ = Ju - v dbe, where

u and v are the funcrions of x. Then, to evaluare such
:int:gra]s, wee use the ﬁ:“uwing steps

L. Firstly, choose the Ist and [Ind functions with the
help of ILATE, i.e. take that funcrion as | function

which comes Ist in ILATE and take other tunction as
lnd funcrion.
II. Now, integrate by using integration by parts, i.c.

d
Ii:.]a;dx=ujvir—j[ziu}jndx]ix
! laccgeal 11 Inegral
I]I.. Frum ﬂE‘P I.I. we gﬂ ane Df rJ.'IC' tl'.ll'cl: PDSSI.E]]C CARES

(1) If llnd int:gra] is in simple form, then integrate it
by using appropriate method.
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(11) If lInd intl:gra] is the product of two functions,
then again use Steps [ and 1L

(1) If lInd intcgral 1s same as the given int-:gmL then
put Ist in place of lInd integral. Finally, simplify
it and get the required result.

EXAMPLE |1| Evaluate chns x dx.
Sol Let I-Jxms xdr

Here, we see that integrand is the product of algebraic
and trigonometric functions and algebraic function
comes first in the word ILATE, so we consider it as Ist
function and trigpnometric function as nd function.

I-I:fms :Ed'x
- .t’J-i:‘D\S. xdyx = I[%[x}]cm x d.t]n‘x

[ J"i v dv =ufvdx - I[ﬁ[u}_[vdr]dx]
= ¥ s5in x—Ji gin x dy
= x 5in x —Jlsi.l‘.l xdx
= xsin x+ cos x4+ O
Mote E.uppme!:lxuuﬁxcbc:x{ainx+ k]—J'{Einx-l k)
=115iu+k]—jsiudt—lkd:
= msns+ k)—cosx— e+ C
= xEin¥-cosx+C
which shows that adding a constant o the integral of the
lind function is unnecessary. So, as the result B concerned,

we conclude that, to write the constant of integration at the
last part of the integral while integrating.

EXAMPLE |2| Evaluate [e* cos x dx.

:¢1- Firetly, apply integration by parts 1o integrate it. Now, If we
* again get lind integral as product of two funclions, than
again apply integration by pars.

Sol. Letf-j'e’cmxdx — i}

By using the order of functions in ILATE, take cos x as
Ist function and e* as IInd function.

I-J:mxe’dx
1o

= [=rcos xIe‘ dx = j’[itcm I}Je‘ dx pdx

[-.-_[;I.-E-ir-ujvdx-_[[itu}_[ud:]dx]

= I=cos xe’ —I[—sin xje” dx

Do
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- x
= Jmeg cosx+ |sinxe dr
1 m

[ integrand is the product of two functions, so we
again choose Ist and [nd functions by using ILATE]

= [=¢" cos x +sin xje‘d_r—‘[[%{sinxj!e’ d_l:]d'x

['.'ju-vdx-ujvd_t—I[%[ujjvdr]dx}

= Jme¢” cos x #sin xe” —J-ms xet dx
= [=m¢* cos x#e siny=I%0C, [from Eq. (i)]
=2/ =¢" (cos x +sinx)+C,

= I-%E:m x-l-s.j.nx]+l'_’,wh£ref_‘-£?'

Hote Above mitegral can also be sohed by taking e* as Ist function
and cos x a8 Ind funclion.
EXAMPLE |3] Evaluate I log |1 + x?| dx.

‘- Hare, we are unabla 1o guess a function, whose derivaltive
S s log (14 x®). So, take log (1+ x7) as the lst function and

the constant function 1as the lind function, then integrate
it by pars.
Sol Letl=[logp+x|dx = [ log|t + x|-1 dx
] L1

.|ug||+x*|_{|dx-_{[ilnguuﬂjmx]a

[using integration by parts]
=logfl+ x| x —I %(Ex]axdx
1+ x

n‘x

lxlngl:l+xz|—EI

= xlog 4 x¥| = zj'udr

-xlngﬂ+xz|-zj[1—1+1x=]dx
= xlog i+ x| =

=xlogp+ x| =2x 4+ 2tan™ x + C

lng X

EXAMPLE |4] J’
jAll India 2015]

1
}! dy = !J.ug IIEx-i-lf dx
I

Sol MI-J{I.'.l

On applying integration by parts, we get

dx
I=logx- '{[x+1j -Jd'x log x})- [J.[x+1:|i]dr

[ jaﬂdx-u!’u dx -j[%{uyju dx] dx]
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-J_ugx

A=) | !
x+1 xfx +1)

.[ Iidxu- 1 ]
(x+1) {x+1}

- log x

dx
+ I, where I, = A
41 i i I[ 1j|[ y) (i)
Mow, using partial fraction method, consider
1 A B
=—
ix+1)] x x+1
=% 1= A(x + 1)+ Bxr

On putting x =0, we get A =1
Again, putting x = =1, we get B= =1

A R

= log |x| -

Mow, from Eqs. (i) and (i), we get

log |x +1| + C i)

1m TIEE o x]=log|x +1]+ €

x+1
-—I.vl:lg;.:r_'_l'l:I
x+1

“ ['.‘hgm—lngn!lugﬂ}
n

xX+1

SOME MORE SPECIAL
TYPES OF INTEGRALS

Here, we will discuss some more special types of integrals,
which can be proved by using integration by parts and
directly used to evaluate the given integrals.

0 N =t
—%lnglx+ ‘\llxl—ﬂ'1'|+f:
{ii}f i+ at ir=§q"|x3+.fz

+Z—_]ng|x+1||xl+.-rl|+f:
(iii) J'-||||a —x" a'.'x——ﬂlﬂ —x +T15m X

[

(i) Let [ = J'fx — a? xlafr D

=ﬁjm—]’[§cm} ].:.{r]a'.'sc
[r.rj;];-i;i:::fju,ﬁ—j(i{u}jm],ﬁ]

@ www.studentbro.in



=R h

[:ld-:lmg and suhrrncting & '1']

=xqfx?—a® - [x —a® de— J' e

— f=x1||lx3—ﬂl—f—alj ,_

=:*2f—x\l|x —at-a? [lug|1'+1||x —a |]

[ I_J_: ]ng|x+-,||x —d |]
= f=§a||||xz —a’ —‘1—_ [log |x+1|||x2 —32|]+f:

Similarly, we can prove other formulae given above.

EXAMPLE |5] Integrate the following functions.

() V1-4x (i) u-’;;
Sol []}lEII-I'HII—4I dx -I [-—x]

.ng['E]Tn{x

[ [dat=xt = %Ja‘ - +"—:ﬂn"[£] . r:]

1 1
= J:J——x: # —sin™2x)+ C
4 4

1
=X i—ax? +—sin™(2x)+C
2 4

Get More Learning Materials Here : & m

[n}LEtI-I +—d.r !m x-%_[mdx
-; %m+%hg|x+m|:|+f

{.—IJ::“ # x° -%Ja“ +xt +§Iug|x+m| l--l’.‘]
-% 9+x=+%lng|x+m|+r.‘

Method to Evaluate Integrals of the

[-urmhaxz +bx+cdx
Let I=I1||I.trl+.&x+rir

I. Firsdly, take # common from integrand to make
cocfficient of x * unity,

L I=IJA{I‘1'+£I+£] dr
P P

& I
II. Add and subtract [2—] from inn:grand inside the
g

square root and convert it in the form ¥ X Tap?

or w‘ﬁ-l —Xl.w]u:r: X1=[x:ti]_

2a
2
and .{-3 = i:F £|—1
a  4g”

L. Substitute x + i= ¢ and reduce the integral

2a
obtained from step Il into one of the form

_[ t2 ek Or I k-t 2de
Then, apply suitable formula to integrate.

EXAMPLE |6| Evaluate Jq||x2 —8x +7 dx.
S0l Letl= j"l.llxz—ﬂx +7 dx

Here, the coefficient of x? is unity.

.'.I-J.I|Ixi -fx +7 dr -Hx*-ﬁx #7 +4% =(4) dx

here, 2 =1 and b = =& adding and subtracting

b

2 2
[E] = [?] =(4)", under the square root

-I.ﬁx—-i]l: +7 =16 dx = [{f(x =4) = (3 dx

MNow, put x=4 = = dy =dr
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1 'I s

2
-%u‘:*-f—%lngrh.ll#—f +C
2
1':! x* =a® dx -%.Jlxj -az-a?lug|x+ -.,||x! -ai|:|

(x=4)

(x=4) =(3)°

3
—%lug[x—-i +.,||zx-4;=-{3}?|+r:
.I;“ Jxi=8x+7 —%Iug“x—-i]l
+ofx" =8x 47|+ C

- . 2
EXAMPLE |7| Evaluate J'qllx +ax+6d oo

- Here, 1o convert the integrand of the form «fax® + b+ ¢
" into standard integrand of the form Jx% & o2 by adding

2
and subtracting {21} under the sguare root and then
a

use suilable formula 1o integrale il

Sol Letl=[yx" +ax+6dem[x +4x+2" +6-4dx
._[“I'(xu]" +(2) dx

_(x+2)

2
x° +4J:+E|+Elug|tx+2:|
+ofxt+ax 46|+ C
2
[I xt ratde -%‘l.h:z +a +'ﬂ?||:|-;g|::'+'.||_1r2 +a1|:|

x+2
= [me——y s dx 4+

+logl(x+2)+ fx° +4x 46|+ C

EXAMPLE |8| Evaluate [ J1+3x— a7 dx —

Sol Let 1= [Ji+3x=-x" de=[{f=(x =35 =1)dx
S IEECRORE
[addjng and sublracting {%]g = [3]21

]
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O ——

z) i 13 2
B — 1+3I—xi+_ﬂn-j i
2 ixz | 3

2

3
['.'I-JEI: -xt d.r-%“'ai -yt +‘:?si|:'|':I £+ L_:|
a
2x =3 13 Iy =3
=== qll+1x-x=+—s.in" 0O
4 & Jlﬂ

Integral of the Type Iex[ flx)+f(x))dx

In this type of integral, integrand is the product of two
functions. One is in exponential form and second function
is the sum of two functions in which one is derivative of
other function. Then, to evaluare such inn:grals. we dirﬂcrly
use the following formula

[e* Lf)+ Frxde =e* flx)+C

Proof It can be proved by using integration by parts as
given below

Let  I=[e*[flx)+ f(x)]dx
=jg*ﬂx}¢+je“f{ﬁm
= [e* i) de+e® [ £ (x)ds

d e [ e
‘I[E €[ F {x}} d
[using integration by parts]
=[e* fdete® flx)-[e* flx)de+C
=¢" f[x}l +0C

MNote Sometimes, it may be possible that the lind function i not in
standard form ie. not i the fom f{x) + (=} In that case, we
fry to make it in standard form, if it is possible, otherwise we
use some another ways fo integrate it.

EXAMPLE |9| Evaluate Ie” (sin x + cos x) dx.
Sol. Letf-.[e’{s:inx+ cos x) dy

and f(x)=sin x, then f*(x)=cos x
S0, the given integral is of the form

I -Ie' [fix)# f(x)] dx
We know that
_[e’[ﬂx;q- frix)]de =e® flx)+C

IT=esinx+C
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x—3 e* dx.

EXAMPLE |10 Evaluatej' -

(x-1)
2o Hera, the integrand _1?1 is not in the form of

] X=

X

e* [flx)+ f{x)], so we firsily convert it in the form of
@* [f (x) 4 f(x)] and than simplify it

Ko ] =2

(x =17

Xo=] 2
= | E—
J! [:x-n_‘f1 [x-1f']

1 2
= x - ax i
Je [nx-n}2 [x-1f] v

Mow, let flx)=

X=3

e dy
(x=1)*

Lol l.EtIlI !ldr-‘[

= flx)=

(x=1)* !
Then, Eq. (i) becomes of the form
1= [e* [f(x)+ f(x)]dx
Also, we know that
e =)+ fr(x0)]dxme® fix)+C

(x=1)

Hence, [ = +C.

{x=1)*

TOPIC PRACTICE 4 I

OBJECTIVE TYPE QUESTIONS
1 ]fj xsiny dx = = x cosx + o, then o is equal to

(b)cosx + C
(d) None of these

(a) sinx + C

() =sinx + C

2 JI YENT dvis equal to

1+ cosx INCERT Exemplar]

(b} loglx + sinx|+ C

[d}.t-tan%+£

(a) logl + cosx|+ C

c)x = tan%+ C

3 J.,||1 + x* dx is equal to
[a}%..li+xz +%]ng|,r+ .‘|i+_rz + C

5 E
Eb}gl.'luz}’ +C

[NCERT]

9 2
[E}EI 1+ x4

2
[d}':?-..]i x4 21.:2 log |x + -.||i + x%)

e @)

4 Jz'{_fl:.rjl + f'(x)} dx is equal to
(a)e"flx)+ C (b)e® + fix)+C
[c}iexf{I]H{" [-I:I}E‘I—I{I]I-FC

5 j sinflog x) + cos(log x) dx equals

(a) x sin{logx) + C
(b) x cos(log x) + C

INCERT]

1
(c) ;l:ns (logx)+ C

(d) ~ sin (logx) + €
X

VERY SHORT ANSWER Type Questions
Directions (Q. Nos. 6-8) Evaluate the following integrals.
6 Jx-r’d_r [NCERT]

7 J xlog x dx (NCERT]

8 J xsec” xdx

SHORT ANSWER Tvpe I Questions

Directions (. Nos. 9-12) Evaluate the following
integrals.

9 j:.rz +1) log xdx

INCERT)
10 [Vx*-2xdx [Delhi 2017C)
1 jmdx [Delhi 2017C)
12 Jf‘secxlilﬂan.r}dx (NCERT]

SHORT ANSWER Tvpe 11 Questions

Directions (). Nos. 13-31) Evaluate the following
integrals.

13 Jeh sin x dx

[Foreign 2011]
14 J tan™ x dx INCERT]
15 jxl tan™ x dx [NCERT Exemplar]
ol
17 [ g
1-x [Delhi 2012)

18 J_'n:us"x

[All India 2014C; Foreign 2014
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19 Jsm" Jx =cos™! J_

sin™ " Jx +cos” '-J"- [NCERT; All India 2014C]

20 ‘l.,||Jr2 +1[Iag[x24+ h=2log [I“cir
X

[NCERT; All India 2014C]

2

21 [—= _
(X 8in X + cos x) |All India 201 20)
22 I[lug tlugx]+ﬂ]
INCERT]
23 jJS-lnxadx [NCERT Exemplar]
24 Find | J3-2x -1 dx [All India 2019]
2
25 X —31+11r
Jl—x2 [Delhi 2015
26 [ X i
{1+ x) [NCERT]
27 J{x +Ne”
:.r+11 [Delhi 20150C)
28 [Zx=9e
@x - 3 [All India 2016]
29 Jz+smlr£;dx
1+cos2y [NCERT]
30 th.[l-sinltde
1-coslx [Delhi 2013C)

X

3 J[l-l-_'nr-l "%ir

LONG ANSWER Type Questions
Directions (Q. Nos. 32-34) Evalucte the following

integrals.
=3x
32 je cos® xdx [NCERT Exemplar]
Lo(lsx+ x?
33 Jz"‘“ [ﬁJ dx
[NCERT Exemplar]

34 jgm-!/ X dv
iad+X

Get More Learning Materials Here : i

e @)

I HINTS & SOLUTIONS

i. [a}thI-Ixﬂnxdx
I o

= - msr]-l{l-t- cos x ) dy
==X 005 X +Jc:|:ksxdx

==y 05X +Einy + O

x & 5inx

+.{ sim x dx
1+ cosx

+ .{Esmx.fzms xf2

=
1+ cosx

dx

=
'{Ecnsz.r.l'E 2c:ur52x|f2

-l—l{xmgx.fzir-l-‘[tmxrﬂdx
2
II—[I-IMIFZ-Z—Imi-2d.r]+]t.nn£d.r
2 2 2
-x-tani+ C
2

3. (a)Let] -I +x% dx
= I-% +x=+%lng|x+-,|ll+x!|+f
2
|:'.'.{-.Jlxi+a2d_r-%1’frz+ﬂi +E?I.ng|x+-|||x=+ ﬂil+l'__:|
4. (a) Hint This is a direct result, proved by integration by

parts.
5. (a)HintPutlogy =t =s x = &' = dy = e'dr

!e’ (sin I + cos ¢} dt
=g sint+C
= x sin (log x) + C
6. letle| x-e"drmx e'dx—Il:iI(jf'de]n‘x
1 u dx

[using integration by parts]

- x-e’-]l-e‘dx- Xeg" mgt

7. I-jxln;gxdx -![Ingx:l sxdx

u
= log xI x dx —J LEEIDE xj{] x itj-ljdx
[using integration by parts]
2 1 X 2 1
- I?.lugx —‘[ ;.x?d_,t‘ - I?IUEI— ijdr

r ] r ] 2 2
1
-x—lugx—-ux—+{" -I_IIJIEI-I—'+[‘
2 2 2 2 4

8. Similar as Example 1. [Ans. x tan x + log|cos x| + C]
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10,

i1,

11.

13.

15.

Get More Learning Materials Here : i

Hint Integrate by parts, taking log x as Ist function and
{x* + 1) as IInd function.

e o]

Let I'm [|fx* = 2x dx= [f(x® = 2x +1) =1 dx
.jmu
-%m-%lﬂsl{r-1}+MI+f

L-e‘t]'-‘l'm&x
= [y=(x* = 2x) dvm [ = (x* = zx 4 1=1) dx

= [{=((x =1) = 1) dr= [ 1 = (x = 1) dx
_(x=1)

1. .
2x = x° +Esi.n Hx=1)+0C

Hint Write the given integral as
IE‘“_SEI! x + secy tan xdx.

- E{mx}-mxmx [Ans. e sec x + )
Similar as Example 2.[.&111 %et‘usin X =05 X+ -L"]
LEH'-I t.lm"xn‘x-I 1-tan™ x dx

TH

Using integration by parts, taking tan™ x as Ist function
and 1 as Ind function, we get

I= tan'lx-.[ldx —I[i{tan" I}'Il tir]d_r

= tan~ xx-I «x dx
1#x°
- x
-xta.n"x——I !d.r
1+ x

= x tan™ x = I, where I, -—I —dx i)

1% x°
Inw.put1+x=-t==2xdx-dl'
ipdr 1 i 3
slym=| —==log|t|+ Cy==logf + x°|+ C
1 EIE 2 glt]+C; 2':"3| |+ €y

[t =14 x
Mow, from Eq. (i), we get

1
I-xtm'lx—zlng|1+xi|—f_'

- 1
= x tan ’x—;ln5|l+x=|+f'. where O = =,

Letl=| x* I:an xdx

T
Using integration by parts, taking tan™ x as Ist function
and x* as lInd function, we get

I=tan™ x Ixﬂdx —I [%Imn" x]!xzd_r] dx

e @)

.I-I'.EII.-.X .t'__ .I_d::'
3 1+x* 3
3 3
= tan™ x == d

[dividing x* by x* +1]

-I—I.m x-—dex+—I di
3 a1
x? =1 ¥t 2x

=__tan -—+
3 xt+1

2
-than"x—I—+Elng|x!+1|+E

[
[_[ i:x:dx J.u-glﬂx]+l_":|

16. Hint (i) On substituting x = tan® and dx =sec” @ di,
given integral reduces to I 20 -5ec” 040

{ii) After integrating by parts and then substitute
B =tan™" x
[Ans. 2[x tan™' x = log {1 + x*)] + C]
-t

17. Let I=m[X5R_X,

x
- . = 1
Now, put  x =sin f = gin” r=f=s dx = di
I=x
J'-J.rsinrd't
1

Using integration by parts, taking t as the Ist function
and sin t as the Ind function, we get

i d .
I=t Is:ln t dt-I[E{I}IIEmI dt] dt
= [me=fcos t-jl:v-c:{- cos i) dt

= = [ CO5 r+I:m tdt
o
== IT==fcos f+snt+C

= I--L.lﬁ-szin"r +sint+C

[ceos*tmi=sin®t=scost =

I ==5n" x‘\III—:r + x4+

[ t=sin

L= sin® 1]

~! x and x = gin ]
18. Solve as Question 17. [Ans. = -|||1 =y cos” y = x4 O]
" Jx - cos” lJ_
"4 Jx 4 cos” lJ-

We know that sin™* -ur_x_'+ cos™! J;-%

= cos”! J;-%—sin"nf;

19. :-_[
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| ,-'r oot

2

2

-%jsin" ‘J;d_r—ji dx -%Iﬂ'n" o dy = x

4
=?I-;.F|-I+E i)

where, I -Jsi.n" 'q'r;d.r

h;n-w,put-ur;-rﬁx-ti =s gy = 2t dit

I, =2sin™" tet dt
1

-3 s'm'jt-ﬁ—j ! aidt
- .-.||| -t 2
. [using integration by parts]

-:ﬂs.in":-_f e dt
;il—!

(1= t*)+1

=t sin” !-!_“l'__

[adding and subtracting 1 from numerator]
1
=risin™ 4 [l =1 dt = d
= - [

R a1 =12
=risin”™! b4
2

-[:2 -'E]sin" ! 1-%:\5-:2
.%[(2:-1}:1:1." Jr +fx Jfi-x]
-%[{2:—1}:1:1" -u";l-qlllx—x}]

On putting the value of I; in Eq. (i}, we get

}'-E[{EI—ijsin" «Ir;+1,||x—x= -5+
"
I_de“ +1|1.:5{x* +1]—2]n-g(xj]dx

R ““*j[“ M,

x

'_1 . . o=
= 5in I =zgn 3
2

[t =]

[':nlngm = logm" and log m = log n = log ﬂ]
n

f 1 1
-I - L 2

4
X
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_IJ:“”E(“FL

MNow, putll-L-!:—dx-d!:EB-—d—t
x x x 2
1
I=== [t log tdt
Eg" ’ 1
1 2 Ay
==|logt ¥ —= [— ==l
- 2|_DE ifz ‘[EIE t J
[using integration by parts]
--%[rmlngz—IJ;d:]
e e
-t f=—|+C
-] o= 7|

--'5:3"" [lugt-—]i-c‘

=- '5[1 +F]m [lﬂg[l * I—]-ﬂ +C

r'.'!-I +L-|
[ <)
]
21, Let I-Ix—,dx
(x sin x + o0s x)°
-.{ rem Y = X sec x dx i)

{xsin x + cos x)

[multiplying numerator by cos x and sec x]

X COS X
I-I—K xsecx dx
{xEn x + cos x) =i

— —— . ———

il
(=1)

=X e X ——
X 5N X+ Ccos X

- dx

—I{I-szc:x +xsec xtan x) —
X §in X+ COs X

dx

J' Xoos X

[x sin x + cos .1c:|2
Let xsinx+cosx=¢
=[x cos x +sinx =sin x)dx =dr
or xcosx dx =df
dt 1 -1

—
t t

X5in X + Co5 X

- X B X X Ein x
-—+.{5ecx[1+ ]

X 5in x + o5 X Cos X

dx

X 5N x -+ cos x

= X 58T X
.—_ +J:aec’ x dx
x5in X+ cos X
- 5EC X ,
= ¢ lan x + L

X SiNY + 008 X
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1
2. Letlim lo —_— |y
I[lus{ gx:+“nmi]

= _{lngtlng x)dx + J' = popr =+ 1 -}

where, [, = |log(log x)drand [, =
I Jtlng x*
Consider, [, = Ilug (log x) dx
Let us take 1 as the lInd function, thus
I, -.{lng (log _1'}-1 adx

1
e
(log x) x *

[using integration by parts]
= x+log (log x) = _{{ log x M ady

Again, consider 1 as the lInd function and applying
integration by parts, we get

I, = x-log (log x)
—{{I.ug ) ex = Il{ = 1j(log I:I-!'L'.t' d.t}
x

= log (log x)- I—I

= x-log (log x) = - -
B g o) Itlnsrf

J-r!+r:

x
log (1 -

= x-log{log x) log =

Mow, substituting the value of I, in Eq. (i), we get

I'=x-logilog x) -

x
-, +C+1
{log x) ] *

= x:log (log x) = lu;x +C

23. Similar as Example 6.

[Am_“:} 5—2x + x* + 2log|(x —1)

+m+c]
24. Let ;-J'm.dx -Hm.fx
= [~ + 2x+1=4)dx
= [{=lx +1 =2} dx
= [ =(x 41/ dx

Mow, put x +1 = = dy =df

o= j’ z'=r'dr= 15[!“'-121 -t" 4 2%1'n"[%]i|+f
[ .{ @' =x'de= IE[JH.II.::i -x* +a"sin™ i]-i- L‘]
a
-12|:t“‘-"'|]"'J3—='!air'-.1||.'i +45in"[IT“]]+(‘

[ t=x+1]
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Ix +1 = +3x -1

28, MI-JT—-{-”I_J'__

1mx? #%r =2
-t-lj‘[ 1=x =

[adding and subtracting 1 from numerator]
2
-{—le[ 1= x t " Ix =2 -Inl'I

]

l— 3.:'—21
= (=1 Hl_—}ri.ﬁjdx
.t-l,-.[;mm Jf,_ﬂd]

= (=1)[1; + I;](say) i)

1
Nowr, I, -I 1= xidx-;[x-,fl— x® #sin™{x)] + C,

_{ii)
am:'ll'tnj EE n‘x-J xidx-ﬂj dx

1= x I=x 1=x*

ir =Ix dx

3
=l 2yl = x" = Zsin™ (x) + O,

[ ‘[“”dz-z _f{x:|+lf:|

== z,ﬁ = x* = 25in”'(x) + C, i)

From Eqs. (i). (ii) and (iii}, we have
I -z-u}[% 1= xt +1Es'm"(xj— hin"{x}-ﬂrﬂll-xi +c‘i}
[where, Cy = C, + C,]

—sm {xj——..ﬁ 3~,||1—x + &

where, -E ==,
{x+1—|}e’dx
1+ x)*

6. Let ;-I [1+x]i

-j'|: 1+ x _ 1 ii|E.ﬂ|I
[1+x:| {1+ x)

. 1
= .F-_{f [{I+I} [1+I}2:|dj

1
Le = —— Then, fix)==
t f{x) . en, f(x)

1+ x)*
. Given integral is of the form

1
JT=|e” g , -—
J'e [flx)+ f{x)]), where f(x) .
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We know thatIe'[ﬂx}-l- fix)de =e® f(x)+C 29, Let ] _J- 24 sin 2x o d
1+ cos 2x

f=e*flx)+Cme*- ! + 2 sin2x | .
e* " J -‘[|_1+1:n5 2.!:‘+I'I-E|JS 2x €
= I-{1+ﬂ+f__ _ﬂ: 2 +25.inxcusx:|‘t,dr
EW Zeos’ x Zros” x
27. Let I= I dx:&f!j [ 2—x=]dx [-1+ cos 2x = 2cos? x and sin 2x = 2sin x cos x]
E_r-i-lj {x +1)
x 3 M
-Ie e 2‘[ -‘[[ms x+tanx]e dx-.{[tanx-l-szc: x)etdx
(x 1)’ I..zt_f{r:l-tanx:;_f’{x}-ufix
= Ime’ EI r*1= d_t s ITemtan xe® +C
(x +3¥ - [Lf) + £ e de = e* f(x)+C]
-1
= 1=k {mnmf}'ﬁ 0. et = fe (22 o

= 'F-fz'%! . _‘[ } 'I g,[l—ismxmsx]ir
H I+1 (x+1)° 2sin®x

[- 1= cos 2x = 2sin® x and sin 2x = 2sin x cos x]

1 1 1
| =" =2 gt - etdx=|e* dx
¢ {xﬂ ‘l {x+1)* * J-e (x+1) } -ljez‘[cmgx—Emtx}dx
[using integration by part]
| B g ldx —I - x:ir-] 3 cot x dx
e +Je ‘ -
= [mg'm2 X+l ix+1) 0
_J.'E" -—[—ei' cot x + J-Eeh cot x d.r]—]ei' cot x dx
{x+1) 2
Ix
= [met=2 e’ . --é'2 tﬂx+je=‘cuxdr-Iei‘mtxdx+E
X1 .
2x E'.
28, I(Zx J-[Ex - -2} dr -—Tmtx+l'__
{2x =3) {2x =3)
. 1) =+
3. Letl= [I-I-x——]e * dx
= dy -2
I[ﬂx-ﬂ’ j{zx-a;’ '[ x . )
Iy =3 3y -1 1 (]
.Ieu (2x=3) dx = 2[e*(2x =3 * dx -_{enrdn-_[x {[ _L:]eﬂj_}dr
d x
=|(2x =3 |e¥dy = {—[Ex—ﬂ-]'i ehdx}dx] I
|: I JI dx J’ lfl :TI— :'I'l
-2!32‘[21--3]"@_1- -Ie = dv + xe ‘-Jlxe = gy
[using integration by parts] Ii.: vy = Jv dy = _{{i () .{u dx} dx
2x 2s dy
-{2:-3}'2—-J-E{Ex—3j'5xzx—dr L sk
-2 [e™ (2x =3 dx Il'f[l'F]‘: *dx
2 - 1 1
o £ (2x=3) -I-E‘[ei‘tlt—E]'s pltx+;=!=:[1-F]dx=d!
—EIei'(lr—SJ"dx .'..{e' d!!e'-elf:
2 =3 L i
2= ek
2 mxe T4
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32. Hint [ -Ie' M ns Yxdy

I -IE' ;.[cus Jx + 3cos x}i‘_

4

1 -3 =3z
= Jxdx +3 dx
‘*[Je cos 3xdx Ie cos xdx]

Further, similar az Example 2.

=H5
Ans. [ = £
24

2
33. L-e*tI-Je"‘_I’ LR 'S
14 x°

= fers ={”’I Ii]dx

=Xy

[sin3x = cos 3x]= ie
40

3
cosx+—e siny +
40

1+#x 1+x

= e x4 [ X dx
Je e [
=Il=1I +1, (say)

dx

Mow, consider [ -J
14 x°

=f

h;uw,puttan r=| =y m=tanf

dr = dt

and
1+ x°

I, -jta.nfﬁ di

= nm!Ie' dr -I[i{tan rjfe‘ d:]d!
= tan f-¢' -jsec“ teet dt +C

= tan -’ -j {1+ tan® t)e’ dr 4+ C
[ sec® @ =1 + tan®8]
-1

= fz-mnt-e‘-j'{nxzje —dx +C

| TOPIC 5]
Definite Integral

An int:gm] of the form ufrf{x} adx 15 known as definite

int:gra], where 2 and & are called the lower and upper limits
of a definite i.ntl:gm]. The value of definite inr:grﬂ 15 givl:n
as if it has an anti-dervative F, then its value is the
difference berween the values of F at the end points, ie

Flk) — Fla).
Here, Ef{x} b 15 read as “the inh:g:al uFfI:x]l from a to &',

FUNDAMENTAL THEOREM
OF INTEGRAL CALCULUS

Fundamental theorem Df:intl:gra] calculus is a connection

between indefinite integral and definite integral and it

e @)

= I, =xe s —Ie"‘“_l'dr+1‘_" [put t = tan™" x]

I-Je""“_l‘ dy + xe™* ¥ —Jr"""_lz dy + C

I?m.n._I z

4. I..e’tl'!jsm dx

Mow, put x =g tan®

= dv = 2atanh sec® 40

3
J-Isjn'l %mmﬂ-m*e:de
a+atan” B
= 2a [sin™* ['“"E']mne sec B 0
sec B

= Eajsin" (sin#) tan @ sec” & d0

= Eajﬂ-tan B sec” 0 40

'aj:anem‘ade 1
- j{%a J'Lan @ sec’ B da} daJ

2 2
tan e-_[1-“"‘ Eln,e]
2 2

put tanf =t=ssec @ dO = dt
2
= [tanBsec’0d0 = [ rdr =L
2

= 2g

= 2 |6 -

-aﬂtmzﬂ—ai[m:iﬂ—ljdﬂ

=gl tan® @ = gtan @ + afl +

e il
et oremc( ]

Then, A'{x]l=f{x}. forall xe[a, b].

Second Fundamental Theorem
of Integral Calculus

Let f be a continuous function defined on the closed
interval [a, #] and F be an ant-denvarive fo.

Then, j“ Flx)de =[F(x)2 = F(8)— Fla)

In other words, J‘i f{x} de = Value of the ant-derivative F

of fat the upper limit & — Value of the same anti-derivative
at the lower limit a.

MNaote
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makes the definite 'mh:gra as a practical tool for Science and
Engineering.

Area Function
The space occupied by the curve y = f(x) along with the
axis and the g'm:n coordinates x = 2 and x = # 15 called area

of bounded region.

¥

Let x be any point in[a,&] Then, Ilf[x}ir represents the
area of the shaded region Alx). The area of shaded region

depends upon the value of ¥ or we can say area of this
shaded region is a function of x and denoted by A(x). Then,
function A(x) s known as area function and 15 given by

A = [ flds.

First Fundamental Theorem

of Integral Calculus

Let f be 2 continuous function defined on  the
cosed interval [a, #] and A(x) be the area of functon,

ie. A= [ flxd
Sol Le'tl'-J-:ﬂ::uszxdt

Here. Jcmzdx_j'[cusz; H]dx
[ cos 2x = 2pos? x =1]
1 1
-;J:mhdx+;]1dx

1 2

Therefore, by the fundamental theorem of integral
caleulus, we get

I = [F{x)[ = F(n2)= F(0)

= [l—slnl[%]-l-%[%]:l _f% sin(0) + 12'['3]'}

1 f "
-[I{UH T:I-[r.‘lﬂlu]-I

-l[ﬂ]q-l;x-isinz}r +%k’ = Fx)(say)

EXAMPLE |2| Evaluatejfl:nx’ —5x° +6x +9) dx.

[NCERT]
Sol Letl= [ (4x® =5x" + 6x +9)dx
and f[x}-4x;-5x=+ﬁx+?
Then, If{x}dr-!{4x!—5xt+ﬁx+ﬂjdx
4xt s5x? ext

== 4 ——#0x
4 3

e @)

{i) The crucial operation in evalusting a definite integral s that to
finding a function whose derivative is equal to the integrand.
This strengthens the relationship between differentiation amd

ﬁi]lnrﬁx}ct:q the funcfion f needs io be well-defimed and

&
continuous in [g, ).

STEPS FOR CALCULATING THE
DEFINITE INTEGRAL
Suppose given integral is I:f{x]l dx, then to calculate, we
use the following steps
I. Find the indefinite int:gra] If{x} dx by using
suitable  method. Let it be,  Fix) Le
| flx)de=Fx).
II. Evaluate [F{x}]i = Fib)— Fl(a), which gives the
required value.
Thus, E Slx) dx =[F{x]]f = F(k) — Fla).

Note There is no need to keep integration constant C becauss if we
:'.Emidar Fx}+C imstead of Flx} we gsat
Ll’I!]d't=[FI!#.HC]5 =[Fib)+ C]-[Fla)+ C] = Fib)- Fla)
Thus, the arbitrary constant disappears in evaluating the valus
of the definite mtegral.

EXAMPLE |1] Evaluate [ ‘cos? x dx.

(U3 There is no standard integration of cos® x, therefore we
" ponvert it in standard form by weing the relation
cos 2x + 1

2
calculus.

TOPIC PRACTICE 5 |

OBJECTIVE TYPE QUESTIONS

and then use fundamental theorem of intagral

1 .
1 J] miﬂ'ls equal to

[NCERT]
(@)% wE  ©r @i

2 _[j": — o7 is equal to —
(&g )
()55 (@7

3 The value of E{x + ) dris
() 154:“ (b) 15;—“
© =58 @ X8

+ _[;‘rs tan®(2x) dx is equal to (el 2020}
() 4 ; n (b) q ; s
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= - &

= x‘--:-x’ +3x* +9x = F(x) (say)

Now, by the fundamental theorem of integral calculus,
we get

I=[F(x)]} = F(2)=F(1)
-[(2)‘ --:5;(2)‘ +3(2)° +9(z)]-[1-§(1)’ +3(1)° +9u)]
101 s 1

-[16—?+12018J-ll—;+3+9j

oS-

3 3 3

EXAMPLE |3] Evaluatej e* (sin x—cos x) dx.
[Delhi 2014)
I-L -e

12
=5 l--‘[‘x e*(cos x =sin x) dx

Sol. Let * (sin x = cos x)dx

Now, let f(x)= cos x. Then, f’(x)= =sin x
By using Ie‘ [f(x)+ f(x)]dx=e* f(x), we get
I==[e* cos x|I'?

= -2 cos§+ e’ cos (0)=0+11)=1

SHORT ANSWER Type 11 L'.luc*;tiﬂn*-;
13 Prove that f—i—dx = % +Iag =

x {I + 1) [NCERT]
14 Ewval
' uatfjl i{x-l]{ﬂ-.t]
15 Evaluatej; x(tan™ x) dx. | Delhi 2016C)

16 1If flx)= J': tsintdr, then write the value of f'(x)
|All India 2014]

17 Evaluatej; N -sirl[E + x] drx.
4 [Delhi 2016)

I HINTS & SOLUTIONS

L@ tets=]” —drmftan
X

=tan™' 3 - 1‘.:11'||'L{l_'|-£—£-1
3 4 12

1 1 rzm |
ﬂdx-‘_[ 1
4 4+ 9y 3 P
—| *+x
3

L lc)Leti= fﬂ
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d-=n 4-1:

(c) (d)

VERY SHORT ANSWER Type Questions

X
5 Evaluate J:3 dx [Delhi 2017]

6 Evaluate ﬁ d -
9+ x [Delhi 2014)

7 IIL‘ s dr=—, T then find the value of a.
44+x° 8’ |All India 2014]

Directions (Q. Nos. 8-10) Evaluate the following.

=/ 4
8 |, tanxd [Foreign 2014

=/ 4
9 Ius cosec X dx [NCERT]
10 J: |x]dx, where [x] is the greatest integer

function.
SHORT ANSWER Type I Questions
Directions (Q. Nos. 11-12) Evaluate the following.

i L‘“Jusinzx dx

[NCERT Exemplar]
dx
2|
L’JI-OI—JI
3 gy 3 dx
G, Let [ I —_—
= 9+x== -—Lx?+[3}=
3
== I-|:lt:m'Li j e -lT.:m'1£
3 3 +g a d

= I-l[mn'L[E]-tan'Liﬂl]
3 3
-%[t&n'l'{l}—ﬂ] -E(E]-E

3L 4 12
7. Hint I—T.Bn-l )
2 2

)
n n
= tan™ [ 2]=2l = Lopan| X [Ans. o= 2]
2 4 2 4

8 let Im I'”tanxdx-[bnﬂse-cxl]:“

-Iuglsecﬂl

-Iuglsec
-hgf-lugl-hgf—ﬂ-lugr
9. Let I-I:::m:xit-ﬂuglcme:x—cmﬂ =y

= log fcasec = = cot™| = log | cosee & = cat T
" 4 4 o & ]

= log V2 —1] - log | 2= 3]

= | JE-I
o 2—;3

10. Hint _[: Ix]dlx = _[:z e

[if 2« x <3, then [x]= 2]
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=lftan™'(t)= tan ()= i x Ea X
6 6 4 24

2 26 ¢
3. (a)let? -j‘:(x +e* )dx-{x?-ke?]

R ans

/s
4. (a)Let I-Itanz(Zx)dx

s
= I= j.{secz(Zx)—l}dx
°
[mzx ]‘”
= I= -X
- 0
= I-(mnn,“—-,E)-(O-())--l-----’!--"-1t
2 8 2 8 8

3
1 3 _ g2
[log:!] 1033(3 )= l°83(3 37)

= _(27 9)m —
log

(-3
e e me(3e2)

2

=] +—
Dgﬂ- 3

d dx
14. Hjm_[
=

2= --[ 2 2
SR O

usesin™ ! (= x)=—sin"'x, ¥ xe[-1,1]. [Ans. 7]

2 2
15. T_.E'tI-I:.t‘tan'lxd_tl tm-jx-x_—'[;.x_dx
no1 2 1+x° 2
[us.i.l:l.g integration by parts]

14 x°

.[?m-u}n-;_;;mﬂ 8

1+ x

e
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[Ans. 2]
11. Hint Use the formula, 1 + sin 2x = (cos x + sinx)°.
[Ans. 1]
12. Hint Rationalise the denominator, i.e. multiply
numerator and denominator by ,ﬁi\_x +x.

-

’ 3 1 2 2
13. Toprove, | —————dyv=—+log—
. Lx’(xu) 3 %3
1 A B 6
Let —_— e —  —— (1
x¥(x+1) x x* x+1 0
[by partial fraction]
= 1= Ax(x +1)+ B{x +1)+ Cx’ i)

On putting x =0, = 1 respectively in Eq. (ii), we get
1= B0 +1)and1=C(=1)"
= B=land(C =1

On equating the coefficient of x* from both sides of
Eq. (ii), we get
02A+C = Az=C=3Am=]

17. Le'tI-rehsin[E+x]dx
Again, let I, -_[ sln[:+x]i’r i)
-ﬂn[%+x]jehdx-_[{%ﬂn[%+x]!ehdx}dx

[using integration by parts]

2% I
-m[n+x]L-Ims[ +x]e—n‘.r
-k 4 2

sn(§ox)-g ey o (Fo5)er
._si.,(-”]
( o(2ex) 5]

|: : ]
cos | —+ x
4
[using integration by parts]

P (i)

-I_feh 5|n(§+ x]rir

2
n I 1
=* I.-E 2sin| =+ x|=cos | =+ x |p ==,
4 4 4 4

[from Egq. (i)]

Iy
=:.jl+lflne 2zin £+x—m5 E+_1:
4 4 4 4
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.Em"{u}—n}—lu—n:r}+[tan"x1f,
_1m_1 - -

_2 3 2+[ta:1 {1) = tan™ {0}]

:I'I! 1 T In 1

—_——— e — -—

"% 2 4 8 2

16, We have, f{x}-r J'sin tdt

EL sm:d‘t-L [ {t]jnntdt]dr

[using integration by parts]
= [t =cos t]]; -L’{-cm thdt = [=t cos 1] + [sint];

=y 005 X & 0 sin =0
=gl X o= KOO8 X

Thus, f{x)=sinx=-xcos x

On differentiating both sides w.r.t. x, we get

. d d
Fix)=cos x I:xﬂ_{cus x)+ cos .rdx[x}]

[by product rule of derivative]
= cos X = [ x{=sin x}+ cos x]
=S X4 XENY =Ccos5 X = ysiny

|TOPIC 6|

NETEE
G Rl RO
;-m:-[gm §+x]-m5 E”]”u
(ool
a5
{- 2sin & 4 cos ;}_ ,u{zsm E o ;H

W] =

gl b4
“t -
--ﬁ;[r“-i-l]

1 e

| e
T 1

Evaluation of Definite Integral by Substitution

There are several methods for ﬁnding the definite intl:gra].
One of the important methods for finding the definite
intr.gra] i5 the method of substituoon. To evaluate

{x)abe by substirunion, we use the following steps
r f 3 g step

I. Consider, the given integral without limits, ie
jf{x] dx and substitute some part of integrand as

another variable (say t), such that its differentiation
exist in the int:gml, 5o that the given 'Lnn:g;al reduces

to 3 known form.

Il Integrate the new integral with respect to the new
varnable without mr.’ntiuning the constant of
:intcgrarjun.

IIl. Replace the new variable by the original variable in
the answer obtained in step [L

IV. Find the difference of the values of the answer
obtained in step II1, ar the upper and lower limits.

Alternate Method

This method is quicker than the previous methed. To
evaluare, we use the following steps:

I. Firstly, substitute some part of integrand
as another variable (say #), such that its differentiation

Get More Learning Materials Here : i
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-] 2

(tan™ " x)

= i)
L _r{tan" o T _(tan™'1)* _ {tan”' o)’
[ 2 2 2
s [using Eq. (ii)]
(5
N 2
= - —D-n—
2 32
EXAMPLE |2| Evaluate [ ——
x(1+ logx)
S0l Let I-L
x{l+ lung

MNow, putting logy =r = idx = dt
X

Lower limit When x =1, then t = logl = t =0
Upper limit When x =3, then t = log3

dt - log 3
vy [log |1+l

=log |1+ log3|=log|1i+0|

= log |1 + log 3| =logl

=log |1+ log 3| =0 [
= log |1 + log 3|

Now, [ = ‘[:‘

log 1 =]
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exist in the inrqr“a]. 5o that given inrqra] reduces to a
known form.

Il. Change the upper and lower limits corresponding to
the new variable.

IIL. Integrate the new integral with respect to the new
variable.

I'V. Find the difference of the values of the answer
obtzined in step II1, at new upper and lower limits.

t
EXAMPLE |1 Er.ramatej an ".ix.
1"‘-}' |All India 2014C]
Sol Let given integral be [ -Iltan Id.t
and I, -j-tan dx
14 x°
On putting tan™" x = t, we get ! Ty =dt
14 x
‘,i
I = _{: dt = < i)

Now, put t = tan™ x in Eq. (i), we get

. : nf3 gin X + Cos X
EXAMPLE |4| Evaluate | * ——x—
nlE IIIE].l'l Iy

[All India 2014C; Delhi 2011]
Sﬂ{ MI-IIfiﬂleilEMI

dx
& :,iﬂn 2x
We know that
= . | =
{sin x = cos x:li-sm'.t:+1:1:|5j X =250 X C08 X

[ri &

=» (5in x = o0Ds xf-l—sin 2x

[--sin® x + cos® x =1 and 2sin ¥ cos x =sin 2x]
= gin 2y =] =(5in ¥ = cO8 .1:]2
Mow, putting =in ¥ = cos y=1t A1)
=5 (cos x + sin x) dy = dr

Also, when x = % then

n 2 1 3 148
e =g —= 0 — == - — i ——
[ 6 2 2 2

When xr = %, then

"°|f‘-a‘||

pa | =

2

. R b
I =gl == Qg ==
3 3

Ji-1 .
I-I z di
1=45 f=y?
z
,r 3 -1

.'J_Jl—dr-[sm A

DA

]h

Get More Learning Materials Here : i

e @)

EXAMPLE |3 Evaluate [ J&in ¢ cos® ¢ do.
Sol Let :-L"ﬂ.,l'sm_aymssq:du

-J:‘ﬂ.ql':ﬁ cos* & cos & db

= [ JEn ot = sin® )" cos ¢ o

Mow, put sin § = f =s cos ¢ dp = dr
Lower limit When ¢ =0, then t =0

Upper limit When ¢ = % then =1
MNow, [ = E-J'?{l -t dt-j:-u"r-[lﬂ‘ - 2t*) dt
= J:[r'” # 1" = 22y dr
[ gue pon]

[ i,

i
- Erm +i,uﬂ _i:m
'Rt 7,

2 2 4 18+42=132 &4
B o o s s [ —— O —
3 17 11X3x7 1

Special case [ f(x) dx =0.

Gi) [ ) e = [ f ) die+ [* flx)d, where a < <6.

Special case If a <, <) <...<c, <b, then
J‘: fla)de=[" flx) de+ j]‘ flx) de+ j‘: flax) dx
+...+ji i) dx.
i) [ f)de=[ flatb—x) de
) [ fl) de= [ fla—) de

[it 15 a particular case of property (iv)]

i) [y de= [ ) et [ F2a—x) de

(i) J‘l" Fx) dx = 2[ flx) d i f(2a—x)= f(x)
0 0, iff[:zﬂ—x:]=_f{1_:]

Special case
all
[ fode= {zjn Flx)de,if fla—2)= f(x)
a 0, iff{ﬂ—x]=—f|:x}
(viii) [ f0) i
2 J::f[x} de, if fis an even function,
= e fl=x) = f(x)
0, iFf 15 an odd functon,
[ e fl=x)=— f(x)

@ www.studentbro.in



o252

[-sin™" (= @) = =sin"" @)
= zgin'j ﬁ
2

Properties of Definite Integrals
Some important properties which will be uwseful in
evaluating the definite integrals are given below

0 [ fe de=[ i) de
This property shows that the value of a definite
:irltr.gral does nor cha.ng: if the vanable 15 dian.gnd.

@) [ fe)de=— [ fl) de
This property shows that when we interchange the
limits, then it cha:ngc: by negative sign.
S N S
|55
.-l—[l2 -1]-[&-0] +F[ -4] [12 -|]-|
[z I E)

'5+1|:“l]-5

4

EXAMPLE |6] Evaluate

5
[, [x=2]+]x~3] +|x ~5]] dx. p—

Sol LetI -E[[x— 2|4 x =3+ | x =5[] dx
Mow, let us first define the given absolute functions.

_ [x=2)ifxz2
Clearly, |x - 2| = —(x=2Lif x<?
—alg] (x=3)if x23

|x =3 {_[I-Sj,jfx-iﬂ

—tlm (x=5Lifx =5
md -y {-{x—;],ﬁxcs

Mow, divide the given limit at x =3, Le. write [as
=[x =2+ x =3+ |x = 5] de
+E“I-2|+|x-3|+|x—5|]dx
[using property (iii}]
=[x =2 % = (x =) + = (x =51 dx
# [ltx=2)# (x=3)+ {=(x =5} dx

._[:[x-z-xq-a-xq-s.]dx
+E[.\'—2+x—3-x+5]dx

2 ¥ 2
-L”{ﬁ,—x]dI+Exdx -|:&_t—x?-i| +|:XT:|5
2 3

-3 21

9?1&23

2 2 2 2z 2 2 2

Mote Im an absolute integral funclion, please be careful while
breaking the mits.

Get More Learning Materials Here : i
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EXAMPLE |5 Evaluate [*|x - 1]dx.

i_"+i' Hera, the given integrand is in the form of absolute
Y function and we defing the absolute function | x -a| as

|N—E|—{ =3 fxza

—fx=a)if x<a -
By using it, we convert the given integrand in simplest
form and then integrate it.
Sol Leti= f |2 = 1| dx. Now, let us first define the given

absolute function.
Clearly, |x -q-{
MNow, divide the given limit at x =1, L.e. write [ as
=[x =tde s [*|x=1ldx
[ Ef{x}dr = [[flxde+ [ flxpn, ifa<e < b}
= [ = =thr [ (x=1)dx

e
=)
['-'j:f{xldx- j:f{a-x}ir]

= Im j;'” L S i)

cos? x +sin® x

x=1), if x=1
={x=1), i x=1

On adding Eqs. (i} and [:ii}.. we ge't

—_—ix

Ilﬂ 5II'I .t""i:'l:l\'.'i. E
C0s I"'ﬂ]:l. X

= ZI-FIM-[IEEI%—H

It
= ==
4

EXAMPLE |8]| Evaluate jn““ log {1+ tan x) dx.
|NCERT; All India 20150)

fnz-. Firstly, use the property (], le. J:fmm = J:ﬂn = i)l

and than simplify the integrand. Furthed, add it into
ornginal integral and simplify the resuli.

Sof Leti= rnlng{l-l-unx}dx A}
= I-I:Hl.ug[1+tan [%-x]]dx
['.'E_f{xjdxnrf[a—xjdx]

1=tan x dr
1+ tan x

['—'Uﬂ{r’l-ﬂl-

ni d >
--L 105[1 + tan x]dx

= j’u'“{]ng 2=log (1 + tan x)} dx Aid)

()b

w4
-L lug(l-i-
tan A - tan B
1+tan A tan B
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EXAMPLE |7 Evaluate L‘“’ X g
Sl X +COs X

(3 Firstly, use the property (v), ie. Ef;x}dx = J':,f:n - x)dx o

get the neww intagral, then add it into original integral and
simplify the result.
-5
Sol LetI= f’i X i)

sin® x 4 cos? x

EXAMPLE [9] Evaluate [" th d.
SecC X +1fan x

[All India 2017C, 2017; Delhi 2016C, 2014C;
Foreign 2014]

m_xtanx o i)

Sof Let [=| ——=
¥ gec x & tan x
(= x)tan (7 = x)

U gec(ff = x)+ tan (% = x}

['.‘Ef{xjdx-ff[ﬂ—xjn‘x}
T o= (= x)tan x dx
¥ o gpe f = tan ¥
a(fl=x)tan x
% sec x 4 tan X

=

= = dx _Aii)

On adding Eqs. (i) and (ii), we get

[}
2:-1‘[‘de
Uger x 4 tan x
" tan x (secx = tan x)
=

O (secx + tanx)(secxy = tan x)

2
R tan x-secy = tan” x
=n| . dx

SEC I—t&l‘lz.t'

-n{f: ﬂcr-tmrdx-f tan® x r:l‘x:|

= n{[se:x]:-r{mtx—lj dx}

= 7t {[secx = secl] = [tan x - x]5}

= [=1=1]=[{tan =)= {tan0 = 0}]}
=ff=2=[(=n)=0}=n(x=-2)

"
JT=—(n=2
= 1=2m-2
; . ) 1
EXAMPLE |10] Evaluate the integral [* ——— dx.
1+e™

_ |All India 2013|
(" Firstly, use the property (),

Le. [ flxhde= [ [ft)+ f(2a - Nldx. Further, integrate
and than simplify it

Su.*_Letr-_[

0 14 gt

1 1
I= + . dx
J:|:I+!u: 1+€u[!lr1]}

-t -

Ex 1
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Un adding Eqs. (1) and [n), we get

nid
EI-L log 2 dx
-Iugirnln‘x-lugﬂlxﬂ“-Iugz[;_u]
"
= M =_|og2
n of

n
= Jm—log2
3 4

- T i . Ei.ﬂj d-t
Blggfn¥ ST 4y
xl 4 ghit

= —

‘[“'1+e“"‘

-I:ldr- [x]f=m

EXAMPLE |11] Evaluate [ cos® x dx.

:";S-IFIrmnr. use the property (wii),
L. [£* e = {2 T i fi2a = )= (x)
o o, if fiZa = x) == f{x)
Further, use again the above property and simplify it.

z
Sof Let I-L‘cus"'xdr-z cos x dx

l [ Fladx = 2[*flx) d, if fl2a=x)= (),

here cos® (21 = x) = cos® x

m2x0=]

[ [* fx)=0.if f2a=x)== f(x),

here cos® (ft =x) = = cos® x

EXAMPLE |12| Evaluate the integral [~ sin” x d.
Sol Leti= f::zsinu2 x dx

Here, fix)= sin® x

Now, ,I"[—x]-sinz [-x]-[sin[-x;]z
= (=sin x}" =sin® x = f{x)
[ sin (= @) = = zin 8]
Sao, f(x)is an even function.

i1 r2
I-r sinlxdxnir sin? x dx
—miz

l-_-fﬁf{xjﬂ- Ej:f[_r}dx, if fix)isaneven ﬁmﬂ:inn.]

here sin’x is an even function.

w3 ] = 2x
.zI I:i]dx [ cos 2x =1=2sin” x]
i 2

i 2 T2
-I {1 = cos Er]d_t-[x—u].
o 2
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[ [ fxde = [C{f(x) + fiza= x)}d]

x 1 1
-L[Hf““ +|+e"‘“]dx

[ sin {29 = x) = = gin x]

| TOPIC PRACTICE 6 |

OBJECTIVE TYPE QUESTIONS

x/2 .
1 L cosxe™™*dx is equal to

INCERT Exemplar]|
(a)e +1 (ble -1 (c)e (d)-¢
1
2 The value of the integral I:ra x ;'falg dx is
[NCERT]
(a) & (k) O (c) 2 (d) 4
3 ]: . Jx)dxis equal to —— plar]
(a) L’ flx —c)dx (b) [' Flx + c)dx
(© [ flx)d (@[, flxyd
4 If fla + &= x)= flx]), then f:xf{x} dx is equal to
[NCERT]
[a}E;bJ':f{b—dex rh}";b[:,r[b”}dx
© 252! ey @ 2! fexyax

2
5§ The value ufj'::z[f +xcosx + tan® x + ldx is

INCERT]

(b)2 (chn {d)1

VERY SHORT ANSWER Type Questions

Directions (Q. Nos. 6-11) Evaluate the following
integrals.

%
6 L ;I +;|-IH‘—IH
Jio=-x
¥

3
8 Il;g gin® x dx

(a) zero

INCERT]

[NCERT Exemplar]

Get More Learning Materials Here : i
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r:l'! sinﬂ:-|
= — - . J—[ﬂ-—ﬂ]

-E—H-E

2

SHORT ANSWER Type [ Questions

Directions (Q. Nos. 12-14) Evaluate the following
integrals.

12 [ X _4a
;1+_r2 *

INCERT Exemplar]|
xf ¥ sinr
13 L COSY & dx INCERT lar]
14 [
e +e INCERT Exemplar]|

15 1fg(x)= J: cos 4t dt, then prove that

E(x)=g(x +m).

7
=2 tam’ x

16 Evaluate_{ ———————dx.
U eot’ x +tan’ x

372
: sin

17 E'l.-falusn‘.e_‘:]'J ——— e —dx
sin®? x4 cos? ¥ x

18 Show that [ f(x) glx) dx =2[" f(x)dx, if fand g
are defined as
flx)= fla=xjand gix) + gla=x) =4
19 Prove that j] log [E-—I] dx=0.
=1 2+ x

SHORT ANSWER Type Il Questions

1=

20 Evaluate .{;x- -

dx.

1+ x
21 Prove that J;" ‘2tan®rdr=1-log2.

Directions (Q. Nos. 22-29) Evaluate the following

integrals.

x /4 1
22 -[0 m;x + 4sin§x -

147 sin™lx
23 JD —[l-xila‘rzdx

[Delhi 2017C)

|All India 2015C]
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iy
¢ xlogx [All India 2014]
10 [—X_dx
L 4l {All India 2014]
1
11 Lxe“:d.r [Foreign 2014]

27 J:.ut sinx +cosx dx
9 +16sin2x
[NCERT; Delhi 2016C, 2014C; Foreign 2014)

28 J:{:r = [x]) dx, where [x] is the greatest integer
of x.

29 J;.r{l— X)" dx NCERT)

30 Prove that L'_': flsin x)dx == Lﬂ a_ﬁms x) dx.

Directions (Q. Nos. 31-38) Evaluate the following

integrals.
2
3 [f X _a
=2 1+ 5 |All India 2016]

32

Inmt_

13 J-:.«a

i ] 4 .-,Icm X

|Delhi 2016C, 2015C)

[Delhi 2014
3+ J- l]rg
1+ ytanx JAll India 2011]
35 L:-': log 4+ 3siny dx
4+ 3cosx [NEEHTI
36 Evaluate [~* SIDX+COSY +1_:as_r
16+ 9sin2x [CBSE 2018)
37 J:tan"{lr—-lzJ dx
38 I;cot"{l- x + x%) dx.
39 Show that Elng {tan x) dx = 0.
40 Evaluatejo
1+sinx

INCERTI]

4 Evaluate_[ {Jx=1]+]x= 2|+|x 4[)dx.
{All India 2017]

2
42 Evaluatej_ll ¥ax | dx. [Delhi 2020, 16; NCERT]

/2
43 Evaluatejz | x cosmy | dy. All India 2016]

LONG ANSWER Tvpe Questions

Directions (. Nos. 44-51) Evaluate the following
integrals.

e @)

24 ":;:Jcl:tiu'l'1'.1'}2 dx
IIII 1ﬁ + CO8 X

w3 (] - cos :]-"f‘*

INCERT Exemplar]

INCERT Exemplar]
26 j';”

i
cagx:Esin 2x

=/2 sin X cos X
45 .[o - dx
COs“ X + 3cosx+2

|All India 2015

16 [ Palx]+1
! 2x|+1

+ INCERT]

/2 xsinxcosx
47 [V AEREITORT ax
JC' sin*x +cosx
[ Delhi 2014, 2011; All India 2010C]
48 j;.rlaglsin.rld_r

[NCERT Exemplar]
49 ﬂg{l +X)
'L 1+x°
50 thcns ax = sin bx)® dx (Delhi 2015]

51 _[D'“ *[21og (sin x) - log (sin 2] dx
[NCERT]

I HINTS & SOLUTIONS

1. (b)Letf -rcmxeh'ﬂ

Put sinx = =+ cos x dy = dt
When x — 0, then t —0
and when x — 7/ 2 then t —1

f-j:eldt-[e'ﬂ,- et me =1

13
L (x*) i_l'_s
(3= Iajgdx-‘[: X "

2. (ajleti= L’ﬂ . ; . dx
X X
i3
(L - 1]
| _1-2
I S dx
13 x

1 -
Pul:—i—I-t ==~—;rir-dt
X x

1 -1
x 2

When x =1, then ¢ = 0 and when x -%. thent =8
1= 21" g = [E] [*P]
2 Y8 EFRaY ¢

3 3,413

-3

@ www.studentbro.in



Get More Learning Materials Here: 1

" i
+ E 3o 2x tan™ "~ (sin. x) o INCERT; Delhi 2011)

4. @Llet 1= " x f(x) dx i)
Then, by a property of definite integrals
1=["(a+b=x)fla+b=x)dx
= I:(a +b=x) f(x)dx ..(1i)
[ Given f(a+ b=x)= f(x)]
On adding Eqgs. (i) and (i), we get
2] -I:(a + b) f(x)dx

- !-a+b

[¥ flxrdx

5 (c)Let I'= I':!“(x’ + xcos x + tan® x +1)dx

= llj‘m x’dx+r’2 xcos x dx
-xl2 -n/2
w2 5
+J’_uztan xdx+fzzldx
=2
=  I=0+040+ 2J'o 1dx
[~ x*, x cos x and tan®(x) are odd functions.]

I=2[x]3"

I= J:wgr-dx i)

d-I

= I= -.(ii)
;;a— X+ Jx
[ ff(x)dx- j:f(a- x)dx]
On adding Eqs (i) and (ii), we get
j: x . a-
:; a=x + Jx

= ZI-j:lﬂn[xn:I-;[a-o]-%

2n
= —=7
2

7. Hint Use the property, J:f(x)dx = J:f(a + b= x)dx.
[Ans. 3]

3
8. lLetl= sin® x dx

-3

Here, f{x}-s'j.n!x
_f{—x]-sinil[—x}- —sin x” == f{x)
Thus, f{x)is an odd function.

r=0 ([, flxde =i f=x) == ()|
ok
9. Letrs| Tings
Now, put log x =1 = Ly mar

X

10.

1.

12.

3.

14

15.

16.

e @)

(b) Putting x =t + ¢, we get
I-.[:f{n:'+:]d:-]:_ﬂ: *+o)dx

Now, I -fd—'- [logt]; = log2 = logl = log2
t
[~ log1=0]
Hint On putting 1 + x* =, given integral reduces to

S0 [ e (3
LctI-I.xe’ dx

Now, put x* =t =3 2x dx = dt
Upper limit when x =1, thent =1" =1
Lowerlimit Whenx-O,I-O

1
o lm L e' [e']’.
Hint On pmtmgl + x* =1, given integral reduces to

f 4 [Ans.4Z-1]

e -e‘]-;(e- 1)

Hint On putting sinx =¢, given integral reduces to
ﬂz’dt. [Ans. e =1]

dx -r e” dx

Let] = =
e 4 e” 0™ #1

Now, put e* =t = e*dx =dt
Upper limit When y =1. thent = el=me

Lower limit When x =0, thent = ¢ =1

I= =[tan™" t}

2

1% 41

=tan"'e=tan"'1 = tan™"'

1
Given, g(x)= fcos 4t dt

Now, g{x + 1) -I: " cos 4t dt

= rcos 4t de + r 'xcos 4t dt
0 x
= g(x) + I, (say) -(i)
S +=
Now, I, = I: "Fcos 4t dt = [su:«"]'
x

= sind(x+m) sindx e sinf4n +4x) sindx
E 4 4 4

sindx

sindx

4 4
Then, Eq. (i) becomes g{x + x) = g{x)}

=1

Hence proved.

7
a2 tan

Let I=[ —2 X v i)
 cot' x+tan’ x

iz tan"(m /2 = x)

= Im
U eot’(n/2=x)+ tan’(m/2 = x)

- - - -
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17,

18.

149,

20.

2.

2.
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Lower limit When x -“e, then = loge =1
Upper limit When x = ¢*, then t = loge® = 2loge = 2
cot’ x

iz
= I-I ﬁdx
* tan’ x + cot’ x

A e

On adding Eqs. (i) and (ii). we get
7 7
- IRIZ.BII.?III'-E‘E[I:Idt
" tan’ x + cot’ x

i)

-‘[:'I‘;!Iﬂ'.u'-[Jr]ﬁ"2 -%—ﬂ-%:; :-;

Solve as Question 16. [Ans ﬂ
Let[= J:f[x}g‘[x}d'x i)
= I'= [ fla= x) gla= x) dx

[ [[fixydx= [ fla=x) dx]

= 1= ["f(x) f4 = glx)} dx i)
[ fix)= fla=x)and g{x) + gla— x) = 4, given]
On adding Eqs. (i) and (ii). we get

2 = j':ﬁ{xj dx
= r-zj':f{x;dx

Himnt Let f{x)=log [?—I} then
+ X

-1
Zex Z=x i=x
f{—xj-lug[z_ x]- hE{2+ x] -{—Ijlug[zl'. x]
== flx)
Thus, f{x)is an odd function.

Hint On putting x° =1, given integral reduces to

'EI:E.&: -é_‘:ﬁdr
AL [ 34

Hint Write tan® x = tan® x - tan x -Emgx = 1)tam x

= sec” xtan x = tan x, then given integral reduces to
4, 4
2!':: seC x-tanxdx-EI: tan x dx
2
Letrm [ 2 [ _=CX 4
cos’x+4sin®x " 1+4tan’x
[dividing numerator and denominator by cos? x]
Now, put tanx = f =5 sec’ x dx = dr
Lower limit When x =0, then t =0
Upperli.m.it"u'.-’henxng, then ¢ =1

e @)

['-‘J:f{XJd-t-Ef{ﬂ-:r]dIJ

il dt
I
-I‘ 1+4r*-j: 1% & (2
'
_rm"[zsﬂ
=,
- [tan™ 2 = tan™" 0] = ltaun'L 2
2 2
Mz sin™ x
Mow, put x =sinf = dx = cos B df.
Lower limit When x =0, then 8 = .

23. m:.J"'

1 n
L] r limit When x = == thenfl = =
ppe ¥z 4

Now. I =[™ Ocos B -Im Ocos B
' ® (1 -sin®@)" 0 (cos @)
a4l cos B 4 3
= mieder-f’?sﬁf 0 do

Using integrating by parts, we have
=10 tan 0" = [ “tan 0 d0

liamnl—ﬂi-[lnghusﬂ[n”
4 4

" n

=1+ cos — | = log (cos O
3 ﬂx[ 1] og (cos 0)
4 1 a1

= — o - logle —=—log 2
P A R

24. Letl= j_'x{mn' L )dx i)

Now, put x = tanfl = dy = sec” B 40

Upper limit When x =1, ta.nﬂ-l:bﬂ-tan'l{l}ng

Lower limit When ¥ =0, tanfl =0 =28 = tan™ (0} =0
Wow, from Eq. (i), we have

I -‘[mt.mﬂ'-ﬂz-setz-ﬂ dfl = _Lmﬂ:{tanﬂ-seciﬂ}ldﬂ
o 1 n
tan®0 | we_ tan®®
=gzt Y _I 28. 46
2 o 2
[

2
l'.'jtanxseci x d = tanz IJ

1“:*[ n]g 1 rﬂ 3

=—| —Jtan—| =0|=| B-sec”d =1}

2|'1& ! J o ['.';czﬂ—mnﬂﬂ =1]
: [ -lmI
n

-E-I—E-[tmﬂ-ﬂj-!h{m&-ﬂ-}dﬂ

3
L - ' -
= 2= [0-tand - 0] +J:"{tane @)de

2 2 2 =
."__[Emi_“_- i|+|:lng|secﬂ'|—g_:|
3z 4 4 1a 2

1]
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L I lngJ_-E-n {'.'tm[i]nl]

-ﬂ! 1--”!4-'0315
&

25, Hint (i) Let

w2 of] % cos xdx n'E -,I[i—cm X
Im .{ —ilx

=% (] = cos xf

{1 =cos x}; :
[multiplying numerator and denominator by Al=cos x]
-Jut sin x
W3 (] = cos x)*

(i) Put1 = cos x = t and simplify it. [AM. %}

26, Letl=
J' g x:;llﬂs.mlt

x4
-

Cios8 xJZ[Is.Ln X 08 X)

[sin 2x = 25in x cos x]
1 par dx

-
2% roedy cos™ xain'®x
1 prp dx

-

2 ops ™ xsin'® x

1 prn sec’ x
-EL M:.rz-axﬂ.nmxdx
[dividing numerator and denominator by cos* x]

4
-ilﬂ- seC X dx

2% g™ xgin'™x

1 pwesec” x(l + tan®
-_J- asee x| n I}dx 3
2. tan'" x

Now, put tan x = f =ssec® x dx = dt

Lower limit When x =0, then f = tan0 =0

[-sec® x = tan® x =1]

Upperli.m.it‘n'.‘henx-%mzn!-tan%ll
11+t 1, o e
I-EL[ e ]d?'}lu“ + ) dy

i
=l opm g Zpn = (1" +£[1;5”-n-1+1-5
z 50, 5 5 §

27. Letp= [T 'ERXYCSY
Q9+ lbsin 2x
We know that,
{sin x — cos x]i-sin=x+m5= ¥ = 25N ¥ cos ¥
=% [si:l.x—c:msz-l—sin 2x
[-sin® x# cos® x=1and 2sin x cos x = sin 2x]
== sin 2x =1 = (sin x = cos I_:I!
I-J:.r'l EinX + 005 X

94161 ={zin x = cos x)*)

A

Get More Learning Materials Here : i
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Mow, put {sin x = cos xj=t

== CoE X+ 8in x-—r i)
dx
=% {cos x + sin x )dy = dt

Lower limit When x =0, thenf =0 = cos = =1

I n L]
Upper limit wh.enx-:. ﬂmn:-ﬂn:-ms:-n

i —ee
= f' 94 16(1 =t%)

1 1
=1 9416 =161 =1 25 =16t

] e

EE—

1 1
—[logi=(logl=log9)]= — log 9
-I [log 1 = (log EJI.%& i

28, mf-fﬂ_x—[xl:ldt -J:xdr—J:lx]dx
-J-:xdx—l:‘[:ﬂdx+f 1:1:]

. 0 if0=x<1
, i ['[x]-{Ljflﬂx{E}
-I:ITiL —D+[x]f-%—ﬂ-[2—l]-2—l-1

29, Let f-j:x[1-xfdx:;-j;u-xm-u-x;rdx

F[ fﬂx} dx = J:ﬂn -x) d;j|

-j:{l-x}x" dx-r{x‘-x"”jdx

[ 2] el
me1 a2 me1 n+2
(e 2)=fmey)
(n+1)n+2) En+1}|{u+2}
30. Let f-j:xf{sinx;.ir D)

= J-I:{n-x” [sin (1 = x}] dx
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= j:[n - x) fisinx)dx i)

[+ [fx)= [} fla= x)dx]
On adding Eqs. (i) and (ii). we get
U= I:n f (sin x) dx
" .
=5 f!ELf[sm x)dx
Mow, put%-x-r =5 x-%- t=s iy = =dr
-1

Upper limit "u".’henxln.thenr-T.

Lower limit W’henx-ll.thenr-%.

rmo A f[ﬂn[g-,]]d,.gﬁjzﬂm;m

3 Jnia

-nj:ﬂ_f{cm thdr or nj:”ﬂcns x)dx

[ 7, flxdde = 2] fx)dx]
i)

31 Lm.f e

'f”z 2= x)? i
=2 4 5ETETE
.

z X
= dx
I 2457
%
=4 Im
'[' BET 41
On adding Eqs. (i) and (ii). we get

1+ 5% ® 2 2
2!-.{:[51 +1Jx dx-Lix dx

¥
=-,~2:-2J'.x*ix

['.'J:f[x}dx-fﬂa +b - x)dx]

x dv - i}

2 2
[ x* is even, :‘..vl:u‘[_i.vc2 dx = 2";.“:t dx]

3 z
= i=u|X| =ali-g=d
3 R 3 3

3. Let I

- [ dx
o 1+:itanx
..|||cnsx
== = d
f\l;imsx+-—.|-|sinx : M
3-4)
CO8 | — =X
= dx
-y (3]
o5 | —=x | + —_——-x
2 2

[ J:f[x}dx-rf[a—xjdx]
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36. Lm-_{

e @)

= r-fﬂ ysin x dx i)
.-.|-|5in X+ .-,;I::urs x
Omn adding Eqs. (i) and (ii). we get

o8 X + 45N x
He dx

oS X + 45N X

; It o
= EFIEﬂlir-[x]E"-? = I==

33. Hint Use the property, J.B_if{x]d_t- rﬂa-l- b= x}dx

" I n
Here, a+ b2—4 ===
B 3

"
Now, solve as Question 32, I:.ﬁns. E:|

34. Solve as Question 32 [ﬁms i]

35 Let] = 4+351nx
’ J' -1.-I-3r:nsx

- fﬂ log (4 + 3sin x )dx -L log {4 + 3cos x )dx

l: ||:|-1;ﬂ = logm - Iugn]
n

e ol )

- Iﬂm log (4 + 3 cos x)dx
{'—'J:f[x}dx-fﬂa-x}air]

-J:ﬂ log (4 +3 msx}dx—fﬂ log (4 + 3 cos x)dx

o l=0
mid 5iNX + 008 X
0 16+ 9sin2x
L'J-l 5inx + Ccos X .
- dax
9 2sinx cosx )+ 16

2y Esamaam wmsa o p oE s

4 sinx + cos X
= I dx
= =25in x cos X )+ 16

4 5in x + CcoS X
-f A S dx
=%sin” x +cos” x=2sin xcos x =1} +16

[--sin® x + cos® x = 1]

4 5in X % CO8 X
= dx

25 =% 51in x = cos sz
[-a® +b® = 2ab = (a=b)"]
Put Sl X = C05 X = |

=5 {cos x +sin x Jdy = dt
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Also, when, x =0, then t = =1

"
andwhen,x-;.rhenr-l]

f dt
= -
135 mgpt

¥ ax2
al
a+x+L_]
am=Xx
1 543 2
=—|lo =—|logli=log|—
ol s |, =] s 5
= 'E[n- log— [ logi=0]
= — [=log4™']
= % log4 [~ logm"® = nlogm]

37. Let r-fum"[
o 14 x=x
’Et -1 x+[x-1:| dr
1=x(x =1}

= .‘:{tan' x4 tan"{x = 1)} dx

2x =1
Z

[ tan™ A +tan™ B = t.an"[ At E]-l
1=AR

= = J:{La.n" x = tan™ {1 = x)} dx i)
Also, [ -j: [tan™{1 = x) = tan™" {1 = (1 = x)}] dx
[ J:_il"[x}dx-rﬂa— x) dx]

= = j: [tan™{1 = x) = tan™"{ x)] dx _ i)

On adding Eqs. {i) and (i), we get
2=l = =i

’ LI i - 1
5. MI-LCCI[ j{].-.\'i'.\'il'df-J.r.ﬂIl .[m}dﬁ

_J'n tan™ x+|{l—x:|} n
l=x+x
[adding and subtracting x from numerator)

e
1- x{1—-x)
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39,

e @)

- J:{t.lm'j x + tan"1= x)} dx
[

{ tan' A+ tan”' B= ta.n'l[

A+BY]
1-13]
-L:tan"xd'x -I-L.La.n'j{l-x}dr
-J:Lan"xdx +j;r.a.rl"{1—u—xjidx
[ !-:ﬂ_xj d.r-"jf[a-r:ldx]
-I:tan"x+rtan"xdx
o

= 2]: tan™ x = Ej:{tan" .tjl dx

ofteet- e

[using integration by parts)

= Eaf—ﬂugi_l +x7 )]y

-%—[Iugz—lngl]-%—lnEE [ logl = 0]
Let [ = J:I.ug{tan x Jdx

= !’:ﬂ log(tan x hdx + I;Elugl_tan xJdx

=1 41, i)
Mow, consider [, = J:n log (tan x)dx _.{ii}

= rn].ug [tan(m /2= x)] dx
[ J:f[x} dx = I:_il"{a— x} ﬂ'.'l.']
= I:Rlug {cotx) dx i)
On adding Eqs. (ii) and (iii). we get
=2
21, -J. log (tan x) dx + ‘[:”lug {cotx dx
= Iﬂm[l.ng (tan x) + log {cotx)] dx
= I:Rlu-g (tan x - cotx jdx = I:R logldy =0

[ tan x+cotx =1]

[vlogl =a]
_{iv)

== I, =0

and [, -I;lng{tan x Jdx

-I:ﬂlug:tm[n + %- x]]dx
[ [[ferde=[flasb- x}dx]
=[7 log m{%"- x]] dx

= I:tlug (cotx) dx -4
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40,

4.

42.

43.
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On adding Eqs. (iv) and (v), we get
2y = !:z [logitan x) + log(cotx ))dx
= E_} log|tan x - cot x|dx = I;'z logl dx =0 [~ logl =10]

=>.Ig =0
s« From Eq. (i), we get [ =0

Hint Use f_ﬂx}dx- fﬂa = x)dy [Ans. ]

Similar as Example &.[A.ns. %]

Hint Let [ = fl|x! = .

Again, IEI:_ﬂ:.t’:I-I! —x=xfxt =)= x{x =1Hx +1)
Now, break the given limit at x =0, 1
[ put filx)=0 we get x =0, 1, =1]
=20Y re[=1,0]
_ﬁx:l-xﬂ'—r- =0,% xe[li]

20,% xe[t, 2]
I-I:i_x'q'—x}d'x+I:—{xa—xldx-l-‘[:{x;-x}a‘x
Y
Y
Le*tI-Lm|xcmnx|dx

Here, xcosfix =0=sx=0 or cosmx =0

n in
=% x=0 or cos j'l'_'r-ms;-::m—
" in
== r=0 or Ix=— or iy =—
2 2
1 3
= x=0 or x== or fix=-—
2 2
0 Ve 32

For ll-:.r-:l? x>0 and cos fix >0 then

SoXoos fix =0

1 3
For —<x=<= x>0 and cos ax <0 then

. Xcos x <0

1
xcosfix, for0< x=—
o | xoos x| = . 23

- xCos X, fariﬂxﬂ—

2

. a1 1r2
huw.L | x cos fix| dx -L X cos fx dx

+ .[:r: = xoos ) dy

- = 1r2
-[XEII'IHI _‘[ ﬂnﬂld—r]
n n "

in 7t in i
_[Ism 4 _Ism x ::I‘x]
R n L2

e @)

- ' IH] LT
= | —gin fix + —cos 7y | = —sinfy + —cos 7y
| n n? i n .
[ 1 n
=||—sin—+—cos—|= |0+ —cosl
n 2 2

[ 1 1 3 1
= ——— =1+ —
. n®  2n ]

44. I.e‘tI-JI:u:jn 2x tan™ ! (sin x)dx

iz
-I: 25in x cos x tan™ ' (sin x)dx

[ sin 2x = 2sin ¥ cos x]
Mow, putsin x=1 = cos x dx=dr
Lower limit When x =0, then t =0

Upper limit "u"-"henxt%,dﬁent!sin%!l

i
Nuw.f-_rzz tan™! rd:-z‘[ totan™! ¢ di
] L | I

2 2
oo -l ]

[using integration by parts]

ri

.
—&J —j:md:

2
]_L-[u-r j;ld'!
1+t

[adding and subtracting 1 from numerator]

o 1 f -1,
-?-L[l-ur:]n‘r-?-[t-tm tly

.%-[u-um"n-m-n}]

-£—1+£-£_|

2
45. Hint (i) Put cos x =1.

_ipx+q) .

{ii) Use the integral of the form I =
ax” + bx + ¢

o]

toxt 4] x|+
“ix* 42| x|+1

' x* Lot Ix] e+t
-L F] o+ ]
Lx® + 2| x|#1 lxt e 2] x|+1

46. Himt Let [ =

dx
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-n+zj'_' |x]+1
x4+ 2| x|+1

|-Ll ﬂxjdx_{zﬁf{x]dr, jfﬂx;ismnfmn'un]
| 0,  if f(x)is odd function |

({x +1)

=2 x| =mx, ifx =0
x# 2x 41 [l l |
=222 4t [Ans. 2log?]
[x+1)
47 letIm[ XSmXCOS X L i)
sin'x + cos®x

Using [ f(x) dx = [[ f(a = x)dx, we get
B Sl G
' sm-[g-x]ms t[g- x]

n -
[;-x}:m x§in x
w2
== J-I n S
o o5 x +s5in x

[ oS [%-H]-sinﬂ' and sin (%—B]- Cos H:|

On adding Eqs. (i} and {ii), we get

=2 05 X 5N X
2 -

3 ]
] sin’ x + cos” X

dx _Aii)

Tl
= f== T % F]
470 (sin® x)* +(1 =sin’ x)
[ cos®® =1 =sin®8 ]
Now, putsin® x =t =5 2sin xcos x dx = dt

) dt
= sin xcos xdx = —

2
Lower limit When x =0, then t =sin®0=0

5N X cos X

Upper limit When x = % then t = sintg =1

i
an,I-EL%d_t
4" +{1l=2) 2
- i
= I-EIL%.{:
B0 wler” =21
3] 1 "o 1
= I-—Li—dt:»ln—‘[—d:
B0 = 2t 41 16702 _, .1
2
= ImX : dt

16 1y 1Y o1
OO
2 2 2
e
[ad.:ling and subtracting by [E] from denuminatul:|

it 1
= .F-—r—rﬂ'
16 -0

(-4 ()
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44,

e @)

= I -%[nm"{l:l = tan ™" {=1]]

r

. L A -1 -_E-|
{_mn {=1) == tan™'{1) 7|

E[n n] nt

== l2e—%=|=2—

gl 4 4 16

Let 1= [ xlog [sinx]dx i)
Im I:{:It = x)log |sin{f = xj|dx

[}

= I:[n: - x)log | sin x| dx _Aii)
On adding Eqs. (i) and (ii), we get
21 = x| log |sinx| dx i)
= 2= m_[um log |sin x| dx
[ I:‘f{xﬂx = EJ:f[x}ait, if fl2a-x)= _f{xj]
= I= n‘[:! log |sin ] dx Aiv)
=% [m nfﬂ log |sinif® /2 = x)|dx
{ J:_,r'[x}dr = J:_;I"{a—xj dx]
= EI:: log|cos x| dx ~A¥)
On adding Eqs. (iv) and (v), we get
21= 5[ (log sinx] + log|cos x|)dx
= EI-nj:ﬂ log |sin x cos x| dx

=iz 25l
= atmaf log| ZRxceEx g

[multiplying by 2 from numerator and denominator]
= = :I'I!!::nlz (log |sin Zx| = log 2)dx

=2 = 2
Hm 11:_[. log|sin 2x] dx = j'tL log 2 dx
= 2= nrﬂ log|sin 2x] dx = 7t log 2[ x5
Now, put 2x =i = dx-%d'!

Lower limit When x =0, then t =0

Upper limit When x -%, then t =&
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Mpm nt
21 -?L log |sin ¢|de = ?In-gz

" ) n’
= zr-th“mﬂdr-ngz

r ]
= =~ “Ttugz [from Eq. (iii)]

r’ x’ 1
P O
B E[z]

49, mn:m:-ﬁwu
14+ x

Now, put x = tanfl = dy = sec® B0
Lower limit When x =0, then tanfl =0 =0 =0

i)

Upperlimjt“’]wnxnl,thentanﬂ'nlﬂﬂn;
Now, [= ‘“MWEH db

® {1+ tan®@)

= Loplt * tanbl soc20 d@ [ sec®® =1+ tan’0]

sec” B

I= j'ﬂ“ log (1 + tan@) 48 i)

It
Ans. —log?2
[ sug]

50. Le‘tl'-f._{ms ax = sin bx)® dx

= 2]: {cos ax = sin bx)® dx

|-.E flx)dx= EJ:_f{x}dx. if f(x)is m'en-|
“ i, if f(x) is odd
and the given integrand is an even function

= :2‘[;::[::&52 ax + sin’ bx = 2sin br cos ax]dx

= ELI[EME ax & sin” b = fsin (bx + ax)

+ sin {bx = ax)}]dx
[~ 2sin Acos B=sin (A + B) + sin (A4 = B]]

rcns fox dx + rsintbx dy = I:sin{b + ajx dx
- _[u'sin{b = a)x d

=2

:J-:(I + ::n: m]ﬂxi-f[l - m: sz]dx

- I:sin (b + a)x dx = I:sin{b -ajx n‘x:

J-:[l_+ cos MJdt*Il[l—' cos be]dr
127 T 2 wlz 2

- I:sin (b4 a)x dx = rsin {b=alx n‘x-

]

]

(]
1

r{%+|¥]dx+%rmsm o - ;—I:ms 2bx dx

-I:sin{b + a)x a‘x-fsin{b- a)x t:l‘.t_
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e @)

1['sin 2ax T* _ 1[sin 2bx T

R N T R
R cos (b + a)x t+ cos (b=a)x d
(b +a) " {b=a)

= 2| & + - [sin 2am] - L[sin 2bx]
4a 4b

=2|[x]§ +

(%]

b+£-[c-m[b+ ﬂ]n-lll'-{blﬂj

i

[cos (b= ajit =1]

[vecosD= 1]

1 1
-2[1: +—:in2ﬂrt—ﬁsin 2hm +

! cos (b + a)n
4a a

- cos (b=ajt = 1
b+ta b=a b-ﬂJ

51 Letl= [ (2log|sin x| = log|sin 2x])dx

= L'”ﬂug{sm} x) = log (sin Zx))dx
[~ m log n=log n™]

[(Eg)e o]

Lk sin® x
e

- dr [--sin® x=2sin x cos x]
25in x cos X

Lk tanm x 2
= 1.:5( . ]df._[‘ [log (tan x) — log 2] dx
Lk i 2
-L lng[unx}dx-L log 2 dx
w2
.L Ing{unxjd_r—lngzrld_t
= I=f, =(log 2) [« =1, -[%-n} log 2 i)

where, I, = f”lug {tan x) dx i)

w2 [ (e 1]
Mow, [, -L lug{tan [E- x]Jd_t

[ !-:f{xj dy = J:ﬂa -x) ﬂ'_t]

= 1, =["log(cot x)dx i)
On adding Eqs. (ii) and (iif), we get

H = Lm[lug (tan x) + log (cotx)jdx

-J:” log (tan x cot x) dx

[ log m + log n = log {mn}]

1

= [ Mlog1demo ey

[ tan x =
= l;=0
From Eq. (i), we get I-ﬂ-%lugi

n
= I-—Elugz
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SUMMARY

* Indefinite Integral Let F{x)and f(x) be two functions
connected together such that ;F(x): {(x), then F(x)is called
integral of f(x) or indefinite integral or anti-derivative.

« Properties of Indefinite Integrals

0 %jl(x)dz =f(x)and | £ (e =1(x)+ C

(i) Two indefinite integrals with the same derivative lead to
the same family of curves and so they are equivalent.
() [{100 £ g(x)} de = [ f{x)dx + [ glx)ax
(iv) j k-f(x)dx =k- j f(x)dx, where k is any non-zero real
number.
M) [ [k + kata(x) + ... + Knfa(x)]obx
= k| R0k + ko | B(x)@ +.... 4 Ko [ folx)cik

“ Methods of Integration

(i) Integration by Substitutions The method of reducing a
given integral into one of the standard integrals by a
proper substitution is called method of substitution.

To evaluate an integral of the lypej' f{a(x)} g’ (x)ck, we

substitute g(x)=t, sothat g’ (x)dx =af.
(i) Integration by Partial Fractions Suppose the given

integral is of the form j QP:"; ——L dix, where P(x)and Q(x)are

polynomials in x, Q(x) = 0 and degree of P(x)is less than
degrea of Q(x)

Then, to solve such integrals, firstly take the given
integrand g((f-%and decompose it into suitable partial
fraction form and then integrate.

(i) Integration by Parts Letu and v be two differentiable
functions of a single variable x, then the integral of the
product of two functions is given by

juvou =u jvdx -j[%p)jvdx)m.
= Some Special Types of hlagrals

() Integral of the types _[ o

ax® + e + ¢ l .‘J'ax + b + ¢
can be transformed into standard form by expressing

CHAPTER
PRACTICE

Get More Learning Materials Here : i

e @)

a’ +bx+c= a[x +£x+c]

-a[(nza) [;-G,.]]

(ii) lmegraolmewpesja%dx

j' (px +q)ax

;;ax’ +hx+c
transformed into standard form by expressing
px+q=A§-(ax’+m +¢)+ B=AQax +b)+ B, where A
and B are determined by comparing coefficients on both
sides.

(i) |megra|otmetypeje‘{t(x)u'(x)}amnbeevamaed
by using the formula

Ie’ {f(x)+ " (x)}dx =" f(x)+ C.

or

Definite Integral An integral of the form [ f(x)ais known as
definite integral and is given by j: f(x)dx = g(b) - g(a) where

f(x)is derivative of g(x)or g(x)is an anti-derivative of f(x) Here,
a and b are called lower and upper limits of defindte integral.

Properties of Definite Integrals
(0 L"r(x)m - L"mm

(il j:r(x)m - j:/(x)ax

(i) j:r(x)dx - J: f(x)x + j: f(x)cx

: b b

(v) L f(x)ax = Lf(a + b — x)a

V) j: f(x)ax = J':I(a - x)dx [particular case of property (iv)]
(i) j:' flx)a = [ 1(x)ax + [ tf2a — x)aix

2j: flx)d, if f (2a — x) = (x)

(vil) j:' f(x)dx =
0. iff@a-x)=—1f(x)

2_[: Fxhete, if £ is an even function,
i.e. fi—x)=fix)
0, Iffis an odd function,
Le. fi—x)=—Fx)

(vill) _[_'a flx)ebe =
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OBJECTIVE TYPE QUESTIONS

1 1fi{ flx)) = “111, then %{ F(2)) is equal to
3yt
() 14x3 (&) 14 x5
-6x” - 6x”
() i+ x®F (d 14 1°
2 jxi e dris equal to [NCERT]
[a}%e'ﬂc ﬂ:n}%e’jHﬁ
[c}zlf3 +C [d}zlf* +C
& {1 + X}
3 ‘lcaszl:r’x] is equal to NCERT!
(a) —cot{ex)+C (b) tan(xe*)+ C

{c) tan{e™)+ C {d) cot(e™)+ C

2
4 Let f(x) = S Then, [L7x) + fi=x)] dx is equal
Lo
(a) O (b) x +C
¥ sin2?mx X Ccosmy
(€ F-——+C (d)S-=-—+C
5 | =———dxisequalto
'l_t'2+1t'+2 [NCERT]
(a) x tan™(x + 1) + C (b) tan™Yx + 1)+ C
(e} {x + 1) tan™ x + C (d) tan™ x +
1 .
6 dx is equal to
j Jox -2 [NCERT]

(a) ls:n'l(u‘] +C
9 8

(c) lsin"(—g'r _BJ +C
3 8

rh}zl (35
(258 c

20 Given, !f‘{tanx + jsecx dx = &* f(x) + C. Write
flx) satisfying above.

21 Evaluatej ;hdr
cos

22 Evaluate_[ wﬁ.

2 4 sin6x
[Hint Put 3x? + sinx =]

23 E1.-rz|11.|z|te~L1 4-x7 dr.

dx
24 Evaluatefﬁ —.
' 1+x

e @)

7 lfL —dt = g, then L = dt is equal to

1+1)*  [NCERT Exemplar]

(a-1+2 Bla+i-2
[ [
[c}a—l—i [d}a+l+§
2 Thevalueufrtan"[ h-li}dxu
" I+x=x [NCERT]
(a)1 (b) zero
(c) -1 [d}%
9 [ i-sinZxdrisequalto  \opny Exemplar]
(a) 242 (b) 2(+2 +1)
(c)2 (d) 2(4Z 1)

VERY SHORT ANSWER Type Questions
10 Evaluate_[ (4 = P)dx

11 Evaluate_[ Wrﬁ.

12 Evaluatej (cosec?x = cotx)e” dx.

log (sin xJ

13 Evaluatej o

14 Evaluatej sec’( T=4x)dx.

[All India 2010]
15 Evaluate Js-&cx"ta.nx‘-“d_r_ [Hiut Write ;“:%]
16 Evaluate_[ x*- ld'x
[Delhi 20108C]
17 Evaluate_[ %-{
18 Evaluate
T
'l +16 [Delhi 2011]
19 Evaluate [ (1- x)x dx Delhi 2012]
36 Evaluate E[sinzi- cﬂszi] dx.
2 2
[Hiut £O5 X = o5 = —mnzi]
2 2 [MCERT]
37 Evaluate _{I:.r x4 2 dx.
[Hint Putx + 2 =17] [NCERTI

SHORT ANSWER Type 11 Questions

sin (x =a)
nx+a)

[Hint Put x +a =1]

38 Evaluate _[

[Delhi 2013]
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dx
25 Evaluate 1—5
'[34- X [All India 2014]

| . 5 4
26 Evaluatej' gin® x cos* x dr. [NCERT]

27 Evaluatejsm X d

cos®x [All India 2014C]
sec” x
28 Evaluatef ———dx.
cosec’y [Delhi 2012C, 2011]

SHORT ANSWER Type | Questions

29 E'l.mluamJe.ﬂ““’EI (x* + 1 dx

I-llutf-]' o dx
[x* +1)

30 Evaluatej ‘I
Xt -

dx.
1
[NCERT Exemplar]
. X _ X 2z _
[Hu:lt J-I_. _I[IE}I_lir,put.t _E]

31 Evaluate -{_r'!.]_t"—ld_'{.

32 Evaluatej + sinx dx. [NCERT Exemplar]

2
[Hil:lt 1+ sin x =(l:ns % + mn%] :|
33 Evaluatef Jtanx (1 + tan® x)dx.

sin® x +cos*x

34 Evaluatefﬁ
sin® x +cos x

35 Evaluate ﬁlx-ﬁhi‘r:.

=1
47 Evaluate _{xtan x dx. [Delhi 2011]

48 Evaluate _{mgx dx.

[Himit J-scc3xd_l: =j5“:':2"" -sec vdx)
49 Evaluate jﬂxfh dx
{1+ 2x)
I

50 EVE].'LI.E[EJ W—Iﬂf

#a)(x” +67) [NCERT Exemplar]

5 Evaluatef
x( x5 +3) [All Indis 2013]

[Hint Multiply numerator and denominator by )

E2 Evaluate _{[ 1+3inx ]e‘dx_
l+cosx

[All India 2013C]
[H.i.l:ll: l+sinx =1 +25i|1% cos %and

l+cosx =2 cnsz%]

e @)

gin 2x
39 Evaluate _[ @+ beos)?

[Hint sin2x =2 sin x cos x and puta + bcos x =¢]

40 Evaluate _[ sin® x dx.

[AIl India 3011]
2
Hint sin® x =[ﬂ) and cos® 2x =w]
2 2
4 Ewvaluate _[ sindx -cos3x dx. (ALl India 2011]
42 Evaluate I Lair_
x x]
cos— + sin—

z z [Delhi 2014C]

[]‘].i.l:ll: Use cos x = cnszg—m’nz % and simplify it,

x x
then put cos —+ sin—=¢
P 7 0 }

-2

43 Evaluate _{ —I.:J‘.r
1+11:+31 [Delhi 2015]
[Hiut Let Sx =% = A—l{l+ x4+ 3x%)+ B]
44 E'l.-ralusrr.q'&‘[M
(x*+4) [Delhi 2013]

[Hint Put x* =¢ and then use partial fractions]

2
45 Evaluate o dx
'{ :,||_r 242v+3

[Hil:lt Write given integral as

[All India 2013]

(x41) . 4}
IJII+2:+3 +J—-|.|r.rz+it+3_t

[All India 2013]
[Hi.ut Let x +2=A£[u—x2}|+3]

(Bx+1)

61 Evaluate _{ m

[Delhi 2013C]

62 Evaluate Iﬂ—x +x+l
(x+1)" (x+32)
[All India 200 7C; Delhi 2014C])

2

63 Evaluate I—lzd‘x_
xt-xts

[MCERT Exemplar]
2
x

- 4)(x*- 3) “

. x*
I:Hmt J-I. -x%h 12 d =j{.1:2

64 Evaluate I[sin (log x) + cos (logx)] dx.
[Hint Put log x =t =x=¢" =dx =¢" dt

o =je" (sin f + cost ) dt]
65 Evaluate ,{L—fz
(1+1og x)

r I |
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53 Evaluatej dx .
[x=1) :,ix* +4

o4 Evaluatej dx

x* el
, 1 Zdx (x® +l}| (x? —]]I
|:HmtJ-.l:'+l_Ej.:‘+l Ej- 1 ]

s Evaluatej -
x

—— dx. [Hint Put x* =1]
+x +1

[Delhi Hi1E]

-f «E

F{az;z 1)
L7. Evaluate 1’1*’—1 dx.
X

[Hiutj 1:xﬂ,1_[|'? XN

dx, put x*/* -r-|

1Hl+.:

IJ::IJ]

58 Evaluate‘[_—?i—ir
sin X+ +/3 cos x

59 E1.-ral1.mtf;~_|'L2
(x+1)(x+3) INCERT]
60 E1.-ral1.|£m'1~‘|'I—"'1 X
[x~ + 4) {x +25) [Delhi 2015]
75 Evaluate_[ X dx 3
a’ cos’x + bPsin’x [Foreign 2014]
52
76 Evaluate 1—
J +4x+ 3 [NCEII:T; All India 2011]
7
77 E1.-rz|11.mte‘[""r Lasinx
l+cosx [All Tndia 2011]
78 Evaluatej x4l
¥ 41 [AN India 2011C]
. -
I:H.I.I:II: 1 x? +]d;=j-1 (x !l}+2dz
u 241 o x4l

j-l [x? -1)(x" +l}+2
(x2+1)

79 E.valuatej (;- L]Jflr.n‘_l:

et dt |
[1+:]FJ

l%tpmlngx =r=:~_r=r'=>d_t=e'dt,mf=]-

66 Evaluate _{sin (logx) dx.
[Mint Put log x=t =% =¢'=dy =" di
| =je; sin t dt, apply integration by parts]

tan @ + tan® @

&7 Evaluate_{ Tiiae
+ tan

sin x
dx.

68 Evaluate _{

8 4
69 Ewvaluate Jtan xsec? xdr. [NCERT Exemplar]

T |
70 Evaluate _{x sin™ x dx. [Delhi 2016C]

Jx )
71 Evaluate _{mdx. [Hmt JI JJ_[x»rl}]

T2. Evaluate _{; xsinxcos” xd.
[Hint Use
j:': sinreos® rdy = (- x)sin (m - x)eos {x -x)dx]

73 EvaluateJ: Ton.r — dx.

1+ cos’x
[All India 2017C, 2013, 2012; Delhi 2017, 2011C]

[Hint j: flx)dx = [: fila-x)dx]

74 Evaluate J:{|x|+|x =24 |x = 4[) dx.

[Delhi 2013)
T
87 Evaluateﬁ |xsin ] dy. Delhi 2017]
LONG ANSWER Tvpe Questions
7
88 Evaluatejx{lngx:l dx. [NCERT]
[Hint Take (log x)* as Ist function and x as IInd
function]
3x+ D
59 Evaluate_{?—i—d_r
=x"=x+l [NCERT]
90 Evaluatej II—H X
(x-1"{x+3) [Delhi 201%]

91 Evaluate f::.lag{casx +sinx)dx.
[MCERT Exemplar]

[Hint Use [ f(x)dx = [ f(a+ b-x)dx]

2¢* [NCERT, CBSE 2020] N .
|0 Evaluatej ]ﬁﬁdx 92 Prove that J“1+ms:1 ginx = sino
) 1 " [NCERT]
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79 Evaluate jz (L - L] e dx.
2¢? [NCERT, CESE 2020]

80 Ev:aluatej] w
x* [NCERT]
) 143
I B |
i i
/3 /3
ez (=)

= o = = - Mow, put?-—]=!'

g1 Ev:aluatf.*_[:u log sin x dx. [NCERT]

[Hint Integrate by parts by taking (x? + x)as Ist
function and - as llnd function]
:E r+1

X

23 Ev:aluatej e __ X
0 [sinx +cosx)

2
]S Ev:aluatej: leosx = sin x|dy.

86 Let f(x) = x=[x], for every real number x,
where [x]is the integral part of x, then evaluate

[, flxar.

=l=x=<0
[Hl"t[xl'{ﬂ {]Is.t«:l]

(v) j::zsm’ X dx is equal to
(a)0 (b)1
(c)2 (d=

94. If f(x) is a continuous function defined on [0, a],

then ﬁ' f(x)dx = [ fla=x)dx.

[CBSE Question Bank]
Based on the above information, answer the
Jollowing questions.
J(x)dx
(1) Joj(x)+ fla= )|s equal to
-a
(@a (b)5 3 (© = (d)2a
¥ sin X = cos X n .
W M Six)= l+snrcoss /(2 —x)ls

1

(a) flx) (b) - f(x) (C)m

(d)2f(x)

Get More Learning Materials Here : i
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[Hint Use [:f{x}dx =j:f[a+b-:}d:]

" X b d
92 Prove that j“l+casu — dy = v

CASE BASED Questions

93. For a function f(x), if f{= x) = f(x), then f(x)is an
even function and fi{= x) == f(x), then f{x)is a
odd function. Again, we have

[* ftdx= 2| Flx)dx, if fix)is even
0, if fix)is odd
[CESE Question Bank]
Based on the above information, answer the
Sfollowing questions.
(i) flx) =r’sinxisa
(a) even
(b) odd
(c) neither even nor odd

(d) None of the above
(i) J:f{;}dt is equal to

1 m
(@) 3 ()2 ()5 (d) 0

(iii) If g(x)=x sin x, then J-E.rsin xdxis
=i

(a)n (b) 2
{C} 3m (d) dn
(iv) J |5|.11 x |dr is equal to
{a) 0 (b)1
c) 2 (d) 3

(1ii) J:;j(x) dx is equal to
R
(a) ;
(c)O (d) None of these
(iv) If g(x)=1log(l + tan x), then g(% ~ x] is

n
(b) T

(@)log2-g(x)  (b) g(x)-3log?

(c) g(x)-log2 (d)%logz + g(x)

(v) ng(x) dx is equal to
(a) 5 log 2 (b) = log 2

(c)-%logz (d)-%logz
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| ANSWERS |

1. (b) L {a) ERN Y +. (e 5. )
6. (b 7. () 8. (b) 9, (d)
" 2
0. 12 _axic 11, tan (log |x])+ € 12, —e® colx+ C 3, Hoglsinz]) -~
3 2
2
p, 2nl0 -4 . 15. 12 e s 6. +1ic i7. 2sin 3 + C
4 I F x
|E.l1.ar|.'li+f 19.5::”:—3:”!+C' 20, fiix) =secx 2 tanx +C
d 4 3 5
22, %m [sr* +smnex|+ ¢ 2m 14_% 25. %Iugs
T
26. 0 z?.‘“"?’w 2. anx-x+C I.H.%Inp,{:‘+l:l+£‘
2 W _ .
30, llug * e ]l.l[ﬂ—ihglx‘+\lx‘—l:|+f 3. —2ens 24 2ein X4 0
q T+ 1 2 2 2z 2 2
33. ;?{1.;“1. Ot s 34. log |5|=|:.'|.'-I- tan .'r|+ Ing_lcmﬂ.':—tutx|+f ELWE
i , 1.5.-.I'_ . i ,
36. 0 37 — hE+1} 38. (x + a) cox 2“—5LI:|.2{IIL¥|=I:|{I+H]|+I:‘
39. —-iE[]u_t[P+btn: x|+—d ]+C 40 3, _snix soidx 4, LTx e e
b a+ Foos x B 4 32 14 2
42, - i 433 + 2x 4323 = U taul_'[31+!]+c 44, - LTy “[1]+£'
CO8% =+ Sin — ﬁluﬁl: § I| ;E- JE ix B - 2
Z
45. -|||.1r=+Ex+3+lug|1::+:l}+1|.1rz+?:+3|+t‘ 6. - .1._1-__,’4.4,,,-1[-";2]_,_5
r 4
47. ' r-2+ et re *ﬂ.l[ﬂxmn:+|ng|m:t+tun:|]+f
F z 2z 2
Ix 3
9. 12 ¢ 50, — {aun"i-bm" 1]+c 51, — log [——|+ €
4 1+ 72x a® - p? a 15 = +3
§L & un_+ri‘ 5'3-.—111.13; ! JI Al AP
i 'IIsu:: 1y’
’-JE:H 1 Zrit+ 1
S+ La:l'L = +C 55. — tan™ +C 56. = i
[132] :||:2+x;2+l T J ] !ﬂ!'l [’2]

57. 1I|I +:+_]ng_

[I-I- 2]+J:

+C 58 l]uﬂ; lan
2

5+ E]|+ ‘

60, -1 an + B [E)e 61, 2log |[ZE1]4 +0O 6L -2 +1]-
4 (2] 35 [5} i e {x+1} log |2+ 1
1 =2 - X . . x
63, =l — C &4, C 65 —
- E:+?+?1.:m :E+ x sin (bog x) + ﬂug.1r+l]+
66. X [sin (log x) — cos (logx)] + € 67. ——]n1{|1+t.mE||+ ]n1(|1.ar|. B—tan B+ 1]+
2
68, — Loy | 1T B0% W L EE L go, tanx  tanx . 70
T s 1 —sin x ? 1— f2ain x T n 9 '
M 2[5 -t AR]e e 7L E 7 74.
3 d
2
75. I ?E.s.-— 2elgsr TLI 78.
Zak '"g z ¥ 3 z
2 2
79, £l —2) 80. 6 T g 2 82,
! z
J2e1 ™
23. 24 — 85, 221 86,
T E E e
2 1 .1'1 :||:z 12
87, Z4+ — BRI log x| - —log x| + —+ € 89,
X K° z z 1
?ﬂ.E]ng|x—1|——+£]ng_|x+3|+£‘ ‘31.51415[1]
& Hx—-1) & g z

93, (5 —(b), (15) — (), (Hi) — (b), (iv) =), (v) — (=)
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_lug|_1r+ 1|+_1u1|; {x? +9]+1lu|:|_
2

Ix +

tIve
3

]+3-]|.1_E|:+2|+C
1

. _l[zm3—1]+c

=1

B O Yaxtfon+ 14':—::‘ +C
4 a4

20

im—d

57 — 5.5

5

1

x+1 4 .

las
® =-1

1
F xr—1

D (i) —(B), (ih —(b), (1) =), fiv) — (a), (v) —{a)
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